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SOME EXAMPLES OF TORIC SASAKI-EINSTEIN MANIFOLDS
CRAIG VAN COEVERING
Abstract. A series of examples of toric Sasaki-Einstein 5-manifolds is con-
structed which first appeared in the author’s Ph.D. thesis [40]. These are sub-
manifolds of the toric 3-Sasakian 7-manifolds of C. Boyer and K. Galicki. And
there is a unique toric quasi-regular Sasaki-Einstein 5-manifold associated to
every simply connected toric 3-Sasakian 7-manifold. Using 3-Sasakian reduc-
tion as in [8, 7] an infinite series of examples is constructed of each odd second
Betti number. They are all diffeomorphic to #kM∞, where M∞ ∼= S2 × S3,
for k odd. We then make use of the same framework to construct positive
Ricci curvature toric Sasakian metrics on the manifolds X∞#kM∞ appearing
in the classification of simply connected smooth 5-manifolds due to Smale and
Barden. These manifolds are not spin, thus do not admit Sasaki-Einstein met-
rics. They are already known to admit toric Sasakian metrics (cf. [9]) which
are not of positive Ricci curvature. We then make use of the join construction
of C. Boyer and K. Galicki first appearing in [6], see also [9], to construct
infinitely many toric Sasaki-Einstein manifolds with arbitrarily high second
Betti number of every dimension 2m + 1 ≥ 5. This is in stark contrast to the
analogous case of Fano manifolds in even dimensions.
1. Introduction
A new series of quasi-regular Sasaki-Einstein 5-manifolds is constructed. These
examples first appeared in the author’s Ph.D. thesis [40]. They are toric, and arise
as submanifolds of toric 3-Sasakian 7-manifolds. Applying 3-Sasakian reduction to
torus actions on spheres C. Boyer, K. Galicki, et al [8] produced infinitely many
toric 3-Sasakian 7-manifolds. More precisely, one has a 3-Sasakian 7-manifold SΩ
for each integral weight matrix Ω satisfying some conditions to ensure smooth-
ness. This produces infinitely many examples of each b2(SΩ) ≥ 1. A result of D.
Calderbank and M. Singer [12] shows that, up to finite coverings, this produces
all examples of toric 3-Sasakian 7-manifolds. Associated to each SΩ is its twistor
space Z, a complex contact Fano 3-fold with orbifold singularities. The action of
T 2 complexifies to T 2C = C
∗ ×C∗ acting on Z. Furthermore, if L is the line bundle
of the complex contact structure, the action defines a pencil
E = P(tC) ⊆ |L|,
where tC is the Lie algebra of T
2
C . We determine the structure of the divisors in
E. The generic X ∈ E is a toric variety with orbifold structure whose orbifold
anti-canonical bundle K−1X is positive. The total space M of the associated S
1
orbifold bundle to KX has a natural Sasaki-Einstein structure. Associated to any
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toric 3-Sasakian 7-manifold S with π1(S) = e we have the following diagram.
(1.1)
M S
X Z
M
..................
..................
..................
..................
..................
The horizontal maps are inclusions and the vertical are orbifold fibrations. And
M is the 4-dimensional anti-self-dual Einstein orbifold over which S is an Sp(1) or
SO(3) orbifold bundle.
It follows from the Smale/Barden classification of smooth 5-manifolds (cf. [38]
and [3]) that M is diffeomorphic to #k(S2 × S3) where b2(M) = k. We have the
following:
Theorem 1.1. Associated to every simply connected toric 3-Sasakian 7-manifold S
is a toric quasi-regular Sasaki-Einstein 5-manifold M . If b2(S) = k, then b2(M) =
2k + 1 and
M ∼=
diff
#m(S2 × S3), where m = b2(M).
This gives an invertible correspondence. That is, given either X or M in dia-
gram 1.1 one can recover the other spaces with their respective geometries.
This gives an infinite series of quasi-regular Sasaki-Einstein structures on #m(S2×
S3) for every odd m ≥ 3.
In section 2 we review the basics of Sasakian geometry. In section 3 we cover the
toric geometry used in the proof of 1.1. The reader can find a complete proof of
the solution to the Einstein equations giving theorem 1.1 in [40]. But the existence
problem of Sasaki-Einstein structures on toric Sasakian manifolds is completely
solved in [41] and [18]. So this result is summarized in section 4. The basics
of 3-Sasakian manifolds and 3-Sasakian reduction are covered in section 5. This
section also contains some results on anti-self-dual Einstein orbifolds such as the
classification result of D. Calderbank and M. Singer used in the correspondence
in theorem 1.1. Section 6 contains the proof of theorem 1.1 and completes dia-
gram 1.1. The only other possible topological types for simply connected toric
Sasakian 5-manifolds are the non-spin manifolds X∞#kM∞. In section 7 we use
the framework already constructed to construct positive Ricci curvature Sasakian
metrics on these manifolds. They are already shown to admit Sasakian structures
in [9]. In section 8 we use the join construction of C. Boyer and K. Galicki [6, 9] to
construct higher dimensional examples of toric quasi-regular Sasaki-Einstein and
positive Ricci curvature manifolds. In particular, in every possible dimension n ≥ 5
there exist infinitely many toric quasi-regular Sasaki-Einstein manifolds with arbi-
trarily high second Betti number.
This article concentrates on the quasi-regular case. This is not for lack of interest
in irregular Sasaki-Einstein manifolds, but that case is covered well elsewhere, such
as in [31, 32, 18].
This article makes copious use of orbifolds, V-bundles on them, and orbifold
invariants such as the orbifold fundamental group πorb1 and orbifold cohomology
H∗orb. We will use the terminology ’V-bundle’ to denote an orbifold bundle. The
characteristic classes of V-bundles will be elements of orbifold cohomology. The
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reader unfamiliar with these concepts can consult [24] or the appendices of [5]
or [40].
2. Sasakian manifolds
We summarize the basics of Sasakian geometry in this section. See the survey
article of C. Boyer and K. Galicki [5] for more details.
Definition 2.1. Let (M, g) be a Riemannian manifold of dimension n = 2m+ 1,
and ∇ the Levi-Civita connection. Then (M, g) is Sasakian if either of the following
equivalent conditions hold:
(i) There exists a unit length Killing vector field ξ on M so that the (1, 1) tensor
Φ(X) = ∇Xξ satisfies the condition
(∇XΦ)(Y ) = g(ξ, Y )X − g(X,Y )ξ
for vector fields X and Y on M .
(ii) The metric cone C(M) = R+ ×M, g¯ = dr2 + r2g is Ka¨hler.
Define η to be the one form dual to ξ, i.e. η(X) = g(X, ξ). We say that {g,Φ, ξ, η}
defines a Sasakian structure on M . Note that D = ker η defines a contact structure
on M , and Φ defines a CR-structure on D. Also, the integral curves of ξ are
geodesics. The one form η extends to a one form on C(M) as η(X) = 1r2 g¯(ξ,X). In
(ii) of the definition M is identified with the subset r = 1 of C(M), and ξ = Jr∂r.
And the complex structure arises as
(2.1) Jr∂r = ξ JY = Φ(Y )− η(Y )r∂r for Y ∈ TM.
The Ka¨hler form of (C(M), g¯) is given by
(2.2)
1
2
d(r2η) =
1
2
ddcr2,
where dc = i2 (∂¯ − ∂).
Besides the Ka¨hler structure on C(M) there is transverse Ka¨hler structure on
M . The Killing vector field ξ generates the Reeb foliation Fξ on M . The vector
field ξ − iJξ = ξ + ir∂r on C(M) is holomorphic and generates a local C∗-action
extending that of ξ on M . The local orbits of this action define a transverse
holomorphic structure on Fξ. One can choose an open covering {Uα}α∈A of M
such that we have the projection onto the local leaf space πα : Uα → Vα. Then
when Uα ∩ Uβ 6= ∅, the transition
πβ ◦ π−1α : πα(Uα ∩ Uβ)→ πβ(Uα ∩ Uβ)
is holomorphic. There is an isomorphism
dπα : Dp → Tpiα(p)Vα,
for each p ∈ Uα, which allows one to define a metric gT with Ka¨hler form ω = 12dη
as restrictions of g and 12dη = g(Φ·, ·) to Dp. These are easily seen to be invariant
under coordinate changes. Straight forward calculation gives the following:
Proposition 2.2. Let (M, g) be a Sasakian manifold, and πα : Uα → Vα as above.
If Y, Z ∈ Γ(D) are πα-related to Y˜ , Z˜ ∈ Γ(TVα) then
RicT (Y˜ , Z˜) = Ric(Y, Z) + 2g(X,Y ),(2.3)
sT = s+ 2m,(2.4)
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where Ric, s, resp. RicT , sT , are the Ricci and scalar curvatures of g, resp. gT .
Definition 2.3. A Sasaki-Einstein manifold is a Sasakian manifold (M, g) with
Ric = 2mg.
Note that one always has Ric(ξ, ξ) = 2m which fixes the Einstein constant at
2m. Simple calculation shows that (M, g) is Einstein if, only if, (C(M), g¯) is Ricci
flat.
If ξ onM induces a free S1-action then {g,Φ, ξ, η} is a regular Sasakian structure.
Another possibility is that all the orbits close but the action is not free, then the
structure is quasi-regular. The third possibility is that not all the orbits close, in
which case the generic orbit does not close. In this case the Sasakian structure is
irregular. In the regular, resp. quasi-regular, cases the leaf space, along with its
transverse Ka¨hler structure, is a manifold, resp. orbifold, X . And M is the total
space of a principal S1-bundle, resp. S1 V-bundle, π :M → X . A V-bundle is the
orbifold analogue of a fiber bundle. See the appendices of [5] or [40] for details.
For a quasi-regular Sasakian manifold (M, g,Φ, ξ, η), the leaf space X of Fξ is a
normal projective, algebraic variety with an orbifold structure and a Ka¨hler form ω
with [ω] ∈ H2orb(X,Z). We will make use of the following well known converse [6].
Proposition 2.4. Let (X,ω) be a Ka¨hler orbifold, with [ω] ∈ H2orb(X,Z). There
is a holomorphic line V-bundle L with c1(L) = −[ω] ∈ H2orb(X,Z) and an S1-
principal subbundle M ⊂ L such that M has a family of Sasakian structures
{ga,Φ, ξa, ηa}, a ∈ R+,
ga = a
2η ⊗ η + aπ∗h, where h is a Ka¨hler metric on X.
Furthermore, if L× is L minus the zero section, then L× is biholomorphic to C(M).
If (X,ω) is Ka¨hler-Einstein with positive scalar curvature, and q[ω] ∈ corb1 (X),
for q ∈ Z+, then exactly one of the above Sasakian structures is Sasaki-Einstein,
and one may take L = K
1
q
X .
Note that if πorb1 (X) = e and [ω] is indivisible in H
2
orb(X,Z), then π
orb
1 (M) = e.
Of course we are interested in the case where M is smooth. This happens when
the action of the local uniformizing groups of X inject into the group of the fibers
of the V-bundle M .
We will mainly be interested in toric Sasaki-Einstein manifolds.
Definition 2.5. A toric Sasakian manifold is a Sasakian manifold M of dimension
2m+ 1 whose Sasakian structure {g,Φ, ξ, η} is preserved by an effective action of
an (m+1)-dimensional torus T such that ξ is an element of the Lie algebra t of T .
Let TC ∼= (C∗)m+1 be the complexification of T , then TC acts on C(M) by
holomorphic automorphisms. One sees that this definition is equivalent to C(M)
being a toric Ka¨hler manifold.
3. Toric geometry
We give some basic definitions in the theory of toric varieties that we will need.
See [16, 33, 34] for more details. In addition we will consider the notion of a
compatible orbifold structure on a toric variety and holomorphic V-bundles. We
are interested in Ka¨hler toric orbifolds, and will give a description of the Ka¨hler
structure due to V. Guillemin [22].
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3.1. Toric varieties. Let N ∼= Zr be the free Z-module of rank r and M =
HomZ(N,Z) its dual. We denote NQ = N ⊗Q and MQ =M ⊗Q with the natural
pairing
〈 , 〉 :MQ ×NQ → Q.
Similarly we denote NR = N ⊗ R and MR =M ⊗ R.
Let TC := N ⊗Z C∗ ∼= C∗× · · · ×C∗ be the algebraic torus. Each m ∈M defines
a character χm : TC → C∗ and each n ∈ N defines a one-parameter subgroup
λn : C
∗ → TC. In fact, this gives an isomorphism between M (resp. N) and the
multiplicative group Homalg.(TC,C
∗) (resp. Homalg.(C
∗, TC)).
Definition 3.1. A subset σ of NR is a strongly convex rational polyhedral cone if
there are n1, . . . , nr so that
σ = R≥0n1 + · · ·+ R≥0nr,
and one has σ ∩ −σ = {o}, where o ∈ N is the origin.
The dimension dimσ is the dimension of the R-subspace σ + (−σ) of NR. The
dual cone to σ is
σ∨ = {x ∈MR : 〈x, y〉 ≥ 0 for all y ∈ σ},
which is also a convex rational polyhedral cone. A subset τ of σ is a face, τ < σ, if
τ = σ ∩m⊥ = {y ∈ σ : 〈m, y〉 = 0} for m ∈ σ∨.
And τ is a strongly convex rational polyhedral cone.
Definition 3.2. A fan in N is a collection ∆ of strongly convex rational polyhedral
cones such that:
(i) For σ ∈ ∆ every face of σ is contained in ∆.
(ii) For any σ, τ ∈ ∆, the intersection σ ∩ τ is a face of both σ and τ .
We will consider complete fans for which the support
⋃
σ∈∆ σ is NR. We will
denote
∆(i) := {σ ∈ ∆ : dimσ = i}, 0 ≤ i ≤ n.
Definition 3.3. A fan in N is nonsingular if each σ ∈ ∆(r) is generate by r
elements of N which can be completed to a Z-basis of N . A fan in N is simplicial
if each σ ∈ ∆(r) is generated by r elements of N which can be completed to a
Q-basis of NQ.
If σ is a strongly convex rational polyhedral cone, Sσ = σ
∨ ∩M is a finitely
generated semigroup. We denote by C[Sσ] the semigroup algebra. We will denote
the generators of C[Sσ] by x
m for m ∈ Sσ. Then Uσ := SpecC[Sσ] is a normal
affine variety on which TC acts algebraically with a (Zariski) open orbit isomorphic
to TC. If σ is nonsingular, then Uσ ∼= Cn.
Theorem 3.4 ([16, 33, 34]). For a fan ∆ in N the affine varieties Uσ for σ ∈ ∆
glue together to form an irreducible normal algebraic variety
X∆ =
⋃
σ∈∆
Uσ.
Furthermore, X∆ is non-singular if, and only if, ∆ is nonsingular. And X∆ is
compact if, and only if, ∆ is complete.
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Proposition 3.5. The variety X∆ has an algebraic action of TC with the following
properties.
(i) To each σ ∈ ∆(i), 0 ≤ i ≤ n, there corresponds a unique (n− i)-dimensional
TC-orbit Orb(σ) so that X∆ decomposes into the disjoint union
X∆ =
⋃
σ∈∆
Orb(σ),
where Orb(o) is the unique n-dimensional orbit and is isomorphic to TC.
(ii) The closure V (σ) of Orb(σ) in X∆ is an irreducible (n− i)-dimensional TC-
stable subvariety and
V (σ) =
⋃
τ≥σ
Orb(τ).
We will consider toric varieties with an orbifold structure.
Definition 3.6. We will denote by ∆∗ an augmented fan by which we mean a fan
∆ with elements n(ρ) ∈ N ∩ ρ for every ρ ∈ ∆(1).
Proposition 3.7. For a complete simplicial augmented fan ∆∗ we have a natural
orbifold structure compatible with the action of TC on X∆. We denote X∆ with this
orbifold structure by X∆∗.
Proof. Let σ ∈ ∆∗(n) have generators p1, p2, . . . , pn as in the definition. Let N ′ ⊆
N be the sublattice N ′ = Z{p1, p2, . . . , pn}, and σ′ the equivalent cone in N ′.
Denote by M ′ the dual lattice of N ′ and T ′C the torus. Then Uσ′
∼= Cn. It is easy
to see that
N/N ′ = HomZ(M
′/M,C∗).
And N/N ′ is the kernel of the homomorphism
T ′C = HomZ(M
′,C∗)→ TC = HomZ(M,C∗).
Let Γ = N/N ′. An element t ∈ Γ is a homomorphism t : M ′ → C∗ equal to 1
on M . The regular functions on Uσ′ consist of C-linear combinations of x
m for
m ∈ σ′∨ ∩M ′. And t ·xm = t(m)xm. Thus the invariant functions are the C-linear
combinations of xm form ∈ σ∨∩M , the regular functions of Uσ. Thus Uσ′/Γ = Uσ.
And the charts are easily seen to be compatible on intersections. 
Conversely, we have the following.
Proposition 3.8. Let ∆ be a complete simplicial fan. Suppose for simplicity that
the local uniformizing groups are abelian. Then every orbifold structure on X∆
compatible with the action of TC arises from an augmented fan ∆
∗.
See [40] for a proof.
Let ∆∗ be an augmented fan in N . We will assumed from now on that the fan
∆ is simplicial and complete.
Definition 3.9. A real function h : NR → R is a ∆∗ -linear support function if
for each σ ∈ ∆∗ with given Q-generators p1, . . . , pr in N , there is an lσ ∈MQ with
h(s) = 〈lσ, s〉 and lσ is Z-valued on the sublattice Z{p1, . . . , pr}. And we require
that 〈lσ, s〉 = 〈lτ , s〉 whenever s ∈ σ ∩ τ . The additive group of ∆∗-linear support
functions will be denoted by SF(∆∗).
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Note that h ∈ SF(∆∗) is completely determined by the integers h(n(ρ)) for all
ρ ∈ ∆(1). And conversely, an assignment of an integer to h(n(ρ)) for all ρ ∈ ∆(1)
defines h. Thus
SF(∆∗) ∼= Z∆(1).
Definition 3.10. Let ∆∗ be a complete augmented fan. For h ∈ SF(∆∗),
Σh := {m ∈MR : 〈m,n〉 ≥ h(n), for all n ∈ NR},
is a, possibly empty, convex polytope in MR.
We will consider the holomorphic line V -bundles on X = X∆∗. All V -bundles
will be proper in this section. The set of isomorphism classes of holomorphic line
V -bundles is denoted by Picorb(X), which is a group under the tensor product.
Definition 3.11. A Baily divisor is a Q-Weil divisor D ∈ Weil(X) ⊗ Q whose
inverse image DU˜ ∈ Weil(U˜ ) in every local uniformizing chart π : U˜ → U is
Cartier. The additive group of Baily divisors is denoted Divorb(X).
A Baily divisor D defines a holomorphic line V -bundle [D] ∈ Picorb(X) in a way
completely analogous to Cartier divisors. Given a nonzero meromorphic function
f ∈ M we have the principal divisor
div(f) :=
∑
V
νV (f)V,
where νV (f)V is the order of the zero, or negative the order of the pole, of f along
each irreducible subvariety of codimension one. We have the exact sequence
(3.1) 1→ C∗ → M ∗ → Divorb(X) [ ]→ Picorb(X).
A holomorphic line V -bundle π : L → X is equivariant if there is an action of
TC on L such that π is equivariant, π(tw) = tπ(w) for w ∈ L and t ∈ TC and the
action lifts to a holomorphic action, linear on the fibers, over each uniformizing
neighborhood. The group of isomorphism classes of equivariant holomorphic line
V -bundles is denoted PicorbTC(X). Similarly, we have invariant Baily divisors,
denoted DivorbTC(X), and [D] ∈ PicorbTC(X) whenever D ∈ DivorbTC(X).
Proposition 3.12. Let X = X∆∗ be compact with the standard orbifold structure,
i.e. ∆∗ is simplicial and complete.
(i) There is an isomorphism SF(∆∗) ∼= DivorbTC(X) obtained by sending h ∈
SF(∆∗) to
Dh := −
∑
ρ∈∆(1)
h(n(ρ))V (ρ).
(ii) There is a natural homomorphism SF(∆∗) → PicorbTC(X) which associates
an equivariant line V -bundle Lh to each h ∈ SF(∆∗).
(iii) Suppose h ∈ SF(∆∗) and m ∈M satisfies
〈m,n〉 ≥ h(n) for all n ∈ NR,
then m defines a section ψ : X → Lh which has the equivariance property
ψ(tx) = χm(t)(tψ(x)).
(iv) The set of sections H0(X,O(Lh)) is the finite dimensional C-vector space
with basis {xm : m ∈ Σh ∩M}.
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(v) Every Baily divisor is linearly equivalent to a TC-invariant Baily divisor. Thus
for D ∈ Picorb(X), [D] ∼= [Dh] for some h ∈ SF(∆∗).
(vi) If L is any holomorphic line V -bundle, then L ∼= Lh for some h ∈ SF(∆∗).
The homomorphism in part i. induces an isomorphism SF(∆∗) ∼= PicorbTC(X)
and we have the exact sequence
0→M → SF(∆∗)→ Picorb(X)→ 1.
Proof. (i) For each σ ∈ ∆(n) with uniformizing neighborhood π : Uσ′ → Uσ as
above the map h→ Dh assigns the principal divisor
div(x−lσ ) = −
∑
ρ∈∆(1),ρ<σ
h(n(ρ))V ′(ρ),
where V ′(ρ) is the closure of the orbit Orb(ρ) in Uσ′ . An element Div
orb
TC(X)
must be a sum of closures of codimension one orbits V (ρ) in Proposition 3.5, and
by above remarks the map is an isomorphism.
(ii) One defines Lh := [Dh], where [Dh] is constructed as follows. Consider a
uniformizing chart π : Uσ′ → Uσ as in Proposition 3.7. Define Lh|Uσ′ to be the
invertible sheaf OUσ′ (Dh), with Dh defined on Uσ′ by x−lσ . So Lh|Uσ′ ∼= Uσ′ × C
with an action of T ′C,
t(x, v) = (tx, χ−lσ (t)v) where t ∈ T ′C, (x, v) ∈ Uσ′ × C.
Then Lh|Uσ is the quotient by the subgroup N/N ′ ⊂ T ′C, so it has an action of TC.
And the Lh|Uσ glue together equivariantly with respect to the action.
(iii) For σ ∈ ∆ we have 〈m,n〉 ≥ 〈lσ, n〉 for all n ∈ σ. Thenm−lσ ∈M ′∩σ′∨ and
xm−lσ is a section of the invertible sheaf OUσ′ (Dh) and is equivariant with respect
to N/N ′ so it defines a section of Lh|Uσ . And these sections are compatible.
(iv) We will make use of the GAGA theorems of A. Grothendieck [20, 21]. As
with any holomorphic V -bundle, the sheaf of sections O(Lh) is a coherent sheaf. It
follows from GAGA that we may consider O(Lh) as a coherent algebraic sheaf, and
all global sections are algebraic. If φ is a global section, then φ ∈ H0(TC,O(Lh)) ⊂
C[M ]. And in the uniformizing chart π : Uσ′ → Uσ, φ lifts to an element of the
module OUσ′ ·xlσ which has a basis {xm : m ∈ lσ+M ′∩σ′∨}. So φ|Uσ is a C-linear
combination of xm with m ∈M and 〈m,n〉 ≥ h(n) for all n ∈ σ. Thus m ∈ Σh.
(v) The divisor TC ∩ D is a Cartier divisor on TC which is also principal since
C[M ] is a unique factorization domain. Thus there is a nonzero rational function
f so that D′ = D − div(f) satisfies D′ ∩ TC = ∅. Then D′ ∈ DivorbTC(X), and the
result follows from i.
(vi) Consider LUσ′ on a uniformizing neighborhood Uσ′ as above. For each ρ ∈
∆(1), ρ < σ the subgroupHρ ⊆ N/N ′ fixing V ′(ρ) is cyclic and generated by n′ ∈ N
where n′ is the primitive element with aρn
′ = n(ρ). Now Hρ acts linearly on the
fibers of LUσ′ over V
′(ρ). Suppose n′ acts with weight e2pii
k
a , then let Dρ := kV (ρ).
If D′ :=
∑
ρ∈∆(1)Dρ, then L
′ := L⊗ [−D′] is Cartier on X0 := X \Sing(X), where
Sing(X) has codimension at least two. The sheaf O(L′) is not only coherent but
is a rank-1 reflexive sheaf. By GAGA O(L′) ∼= E ⊗ O′, where E is an algebraic
reflexive rank-1 sheaf and O′ is the sheaf of analytic functions. It is well known
that E = O(D) for D ∈ Weil(X). And as a Baily divisor, we have L′ ∼= [D]. So
L ∼= [D +D′], and by v. we have L ∼= Lh for some h ∈ SF(∆∗). 
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The sign convention in the proposition is adopted to make subsequent discus-
sions involving Σh consistent with the existing literature, although having D−m =
div(xm) maybe bothersome. Note also that we denote a Baily divisor by a formal
Z-linear sum the coefficient giving the multiplicity of the irreducible component in
the uniformizing chart. This is different from its expression as a Weil divisor when
irreducible components are contained in codimension-1 components of the singular
set of the orbifold.
For X = X∆∗ there is a unique k ∈ SF(∆∗) such that k(n(ρ)) = 1 for all
ρ ∈ ∆(1). The corresponding Baily divisor
(3.2) Dk := −
∑
ρ∈∆(1)
V (ρ)
is the (orbifold) canonical divisor. The corresponding V -bundle is KX , the V -
bundle of holomorphic n-forms. This will in general be different from the canonical
sheaf in the algebraic geometric sense.
Definition 3.13. Consider support functions as above but which are only required
to be Q-valued on NQ, denoted SF(∆,Q). h is strictly upper convex if h(n+n
′) ≥
h(n)+h(n′) for all n, n′ ∈ NQ and for any two σ, σ′ ∈ ∆(n), lσ and lσ′ are different
linear functions.
Given a strictly upper convex support function h, the polytope Σh is the convex
hull in MR of the vertices {lσ : σ ∈ ∆(n)}. Each ρ ∈ ∆(1) defines a facet by
〈m,n(ρ)〉 ≥ h(n(ρ)).
If n(ρ) = aρn
′ with n′ ∈ N primitive and aρ ∈ Z+ we may label the face with aρ to
get the labeled polytope Σ∗h which encodes the orbifold structure. Conversely, from
a rational convex polytope Σ∗ we associate a fan ∆∗ and a support function h as
follows. For an l-dimensional face θ ⊂ Σ∗, define the rational n-dimensional cone
σ∨(θ) ⊂ MR consisting of all vectors λ(p − p′), where λ ∈ R≥0, p ∈ Σ, and p′ ∈ θ.
Then σ(θ) ⊂ NR is the (n− l)-dimensional cone dual to σ∨(θ). The set of all σ(θ)
defines the complete fan ∆∗, where one assigns n(ρ) to ρ ∈ ∆(1) if n(ρ) = an′ with
n′ primitive and a is the label on the corresponding (n− 1)-dimensional face of Σ∗.
The corresponding rational support function is then
h(n) = inf{〈m,n〉 : m ∈ Σ∗} for n ∈ NR.
Proposition 3.14 ([34, 16]). There is a one-to-one correspondence between the
set of pairs (∆∗, h) with h ∈ SF(∆,Q) strictly upper convex, and rational convex
marked polytopes Σ∗h.
We will be interested in toric orbifolds X∆∗ with such a support function and
polytope, Σ∗h. More precisely we will be concerned with the following.
Definition 3.15. Let X = X∆∗ be a compact toric orbifold. We say that X is
Fano if −k ∈ SF(∆∗), which defines the anti-canonical V -bundle K−1X , is strictly
upper convex.
These toric varieties are not necessarily Fano in the usual sense, since K−1X is
the orbifold anti-canonical class. This condition is equivalent to {n ∈ NR : k(n) ≤
1} ⊂ NR being a convex polytope with vertices n(ρ), ρ ∈ ∆(1). We will use ∆∗ to
denote both the augmented fan and this polytope in this case.
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If Lh is a line V -bundle, then for certain s > 0, L
s
h
∼= Lsh will be a holomorphic
line bundle. For example s = Ord(X), the least common multiple of the orders
of the uniformizing groups, will do. So suppose Lh is a holomorphic line bundle.
If the global holomorphic sections generate Lh, by Proposition 3.12 M ∩ Σh =
{m0,m1, . . . ,mr} and we have a holomorphic map ψh : X → CP r where
(3.3) ψh(w) := [x
m0(w) : xm1(w) : · · · : xmr (w)].
Proposition 3.16 ([34]). Suppose Lh is a line bundle, so h ∈ SF(∆∗) is integral,
and suppose h is strictly upper convex. Then Lh is ample, meaning that for large
enough ν > 0
ψνh : X → CPN ,
is an embedding, where M ∩ Σνh = {m0,m1, . . . ,mN}.
Corollary 3.17. Let X be a Fano toric orbifold. If ν > 0 is sufficiently large with
−νk integral, K−ν will be very ample and ψ−νk : X → CPN an embedding.
Let X∆∗ be an orbifold surface with h ∈ SF(∆∗). Then the total spaces of Lh
and L×h are toric varieties. The fan of L
×
h is as follows. If σ ∈ ∆∗ is spanned
by n(ρ1), . . . , n(ρk) ∈ Zn as in definition 3.6 let σ¯ be the cone in Rn+1 spanned
by (n(ρ1), h(n(ρ1))), . . . , (n(ρk), h(n(ρk))) ∈ Zn+1. The collection of σ¯, σ ∈ ∆∗
defines a fan C = Ch, which is the fan of L×h . Furthermore, if h, or −h, is strictly
upper convex, then one can add an additional (n + 1)-cone to Ch to get an affine
variety Y = L×h ∪ {p}. We will make use of the smoothness condition on L×h .
The toric variety L×h is smooth if for every n-cone σ¯ of C as above spanned by
τ1, . . . , τn ∈ Zn+1 we have
(3.4) (R≥0τ1 + · · ·+ R≥0τn) ∩ Zn+1 = Z≥0τ1 + · · ·+ Z≥0τn.
Suppose Lqh
∼= KX for some q ∈ Z>0. Then KY is trivial. That is, Y has a
Gorenstein singularity at the apex.
3.2. Ka¨hler structures. We review the construction of toric Ka¨hler metrics on
toric varieties. Any compact toric orbifold associated to a polytope admits a Ka¨hler
metric (see [29]). Due to T. Delzant [13] and E. Lerman and S. Tolman [29] in the
orbifold case, the symplectic structure is uniquely determined up to symplectomor-
phism by the polytope, which is the image of the moment map. This polytope is
Σ∗h of the previous section with h generalized to be real valued. There are infinitely
many Ka¨hler structures on a toric orbifold with fixed polytope Σ∗h, but there is a
canonical Ka¨hler metric obtained by reduction. V. Guillemin gave an explicit for-
mula [22, 11] for this Ka¨hler metric. In particular, we show that every toric Fano
orbifold admits a Ka¨hler metric ω ∈ c1(X).
Let Σ∗ be a convex polytope in MR ∼= Rn∗ defined by the inequalities
(3.5) 〈x, ui〉 ≥ λi, i = 1, . . . , d,
where ui ∈ N ⊂ NR ∼= Rn and λi ∈ R. If Σ∗h is associated to (∆∗, h), then the ui
and λi are the set of pairs n(ρ) and h(n(ρ)) for ρ ∈ ∆(1). We allow the λi to be
real but require any set ui1 , . . . , uin corresponding to a vertex to form a Q-basis of
NQ.
Let (e1, . . . , ed) be the standard basis of R
d and β : Rd → Rn be the map which
takes ei to ui. Let n be the kernel of β, so we have the exact sequence
(3.6) 0→ n ι→ Rd β→ Rn → 0,
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and the dual exact sequence
(3.7) 0→ Rn∗ β
∗
→ Rd∗ ι∗→ n∗ → 0.
Since (3.6) induces an exact sequence of lattices, we have an exact sequence
(3.8) 1→ N → T d → T n → 1,
where the connected component of the identity of N is an (d−n)-dimensional torus.
The standard representation of T d on Cd preserves the Ka¨hler form
(3.9)
i
2
d∑
k=1
dzk ∧ dz¯k,
and is Hamiltonian with moment map
(3.10) µ(z) =
1
2
d∑
k=1
|zk|2ek + c,
unique up to a constant c. We will set c =
∑d
k=1 λkek. Restricting to n
∗ we get
the moment map for the action of N on Cd
(3.11) µN (z) =
1
2
d∑
k=1
|zk|2αk + λ,
with αk = ι
∗ek and λ =
∑
λkαk. Let Z = µ
−1
N (0) be the zero set. By the exactness
of (3.7) z ∈ µ−1N (0) if an only if there is a v ∈ Rn∗ with µ(z) = β∗v. Since β∗ is
injective, we have a map
(3.12) ν : Z → Rn∗,
where β∗ν(z) = µ(z) for all z ∈ Z. For z ∈ Z
〈ν(z), ui〉 = 〈β∗ν(z), ei〉
= 〈µ(z), ei〉
=
1
2
|zi|2 + λi,
(3.13)
thus ν(z) ∈ Σ∗. Conversely, if v ∈ Σ∗, then v = ν(z) for some z ∈ Z and in fact a
T d orbit in Z. Thus Z is compact. The following is not difficult to show.
Theorem 3.18. The action of N on Z is locally free. Thus the quotient
XΣ∗ = Z/N
is a compact orbifold. Let
π : Z → X
be the projection and
ι : Z → Cd
the inclusion. Then XΣ∗ has a canonical Ka¨hler structure with Ka¨hler form ω
uniquely defined by
π∗ω = ι∗(
i
2
d∑
k=1
dzk ∧ dz¯k).
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We have an action of T n = T d/N on XΣ∗ which is Hamiltonian for ω. The map
ν is T d invariant, and it descends to a map, which we also call ν,
(3.14) ν : XΣ∗ → Rn∗,
which is the moment map for this action. The above comments show that Im(ν) =
Σ∗. The action T n extends to the complex torus T nC and one can show that as an
analytic variety and orbifold XΣ∗ is the toric variety constructed from Σ
∗ in the
previous section. See [23] for more details.
Let σ : Cd → Cd be the involution σ(z) = z¯. The set Z is stable under σ, and
σ descends to an involution on X . We denote the fixed point sets by Zr and Xr.
And we have the projection
(3.15) π : Zr → Xr.
We equip Zr and Xr with Riemannian metrics by restricting the Ka¨hler metrics on
Cd and X respectively.
Proposition 3.19. The map (3.15) is a locally finite covering and is an isometry
with respect to these metrics
Note that Zr is a subset of R
d defined by
(3.16)
1
2
d∑
k=1
x2kαk = −λ.
Restrict to the orthant xk > 0 k = 1, . . . , d of R
d. Let Z ′r be the component of Zr
in this orthant. Under the coordinates
(3.17) sk =
x2k
2
, k = 1, . . . , d.
The flat metric on Rd becomes
(3.18)
1
2
d∑
k=1
(dsk)
2
sk
.
Consider the moment map ν restricted to Z ′r. The above arguments show that ν
maps Z ′r diffeomorphically onto the interior Σ
◦ of Σ. In particular we have
(3.19) 〈ν(x), uk〉 = λk + sk, k = 1, . . . , d, for x ∈ Z ′r.
Let lk : R
n∗ → R be the affine function
lk(x) = 〈x, uk〉 − λk, k = 1, . . . , d.
Then by equation (3.19) we have
(3.20) lk ◦ ν = sk.
Thus the moment map ν pulls back the metric
(3.21)
1
2
d∑
k=1
(dlk)
2
lk
,
on Σ◦ to the metric (3.18) on Z ′r. We obtain the following.
Proposition 3.20. The moment map ν : X ′r → Σ◦ is an isometry when Σ◦ is
given the metric (3.21).
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Let W ⊂ X be the orbit of T nC isomorphic to T nC . Then by restriction W has
a T n-invariant Ka¨hler form ω. Identify T nC = C
n/2πiZn, so there is an inclusion
ι : Rn → T nC .
Proposition 3.21. Let ω be a T n-invariant Ka¨hler form on W . Then the action
of T n is Hamiltonian if and only if ω has a T n-invariant potential function, that
is, a function F ∈ C∞(Rn) such that
ω = 2i∂∂¯F.
Proof. Suppose the action is Hamiltonian. Any T n-orbit is Lagrangian, so ω re-
stricts to zero. The inclusion T n ⊂ T nC is a homotopy equivalence. Thus ω is exact.
Let γ be a T n-invariant 1-form with ω = dγ. Let γ = β + β¯ where β ∈ Ω0,1. Then
ω = dγ = ∂β + ∂¯β¯,
since ∂¯β = ∂β¯ = 0. Since H0,k(W )Tn = 0 for k > 0, there exists a T
n-invariant
function f with β = ∂¯f . Then
ω = ∂∂¯f + ∂¯∂f¯ = 2i∂∂¯ Im f.
The converse is a standard result. 
Suppose the T n action on W is Hamiltonian with moment map ν : W → Rn∗.
Denote by x+ iy the coordinates given by the identification W = Cn/2πiZn.
Proposition 3.22 ([22]). Up to a constant ν is the Legendre transform of F , i.e.
ν(x+ iy) =
∂F
∂x
+ c, c ∈ Rn∗
Proof. By definition
dνk = −ι
(
∂
∂yk
)
ω.
But by Proposition 3.21,
ω =
n∑
j,k=1
∂2F
∂xj∂xk
dxj ∧ dyk,
so
dνk = −ι
(
∂
∂yk
)
ω = d
(
∂F
∂xk
)
.
Therefore νk =
∂F
∂xk
+ ck. 
We can eliminate c by replacing F with F −∑nk=1 ckxk.
Notice that the metric (3.21) on Σ◦ can be written
(3.22)
∑
j,k
∂2G
∂yj∂yk
dyjdyk,
with
(3.23) G =
1
2
d∑
k=1
lk(y) log lk(y).
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V. Guillemin [22] showed that the Legendre transform of G is the inverse Legendre
transform of F , i.e.
(3.24)
∂F
∂x
= y and
∂G
∂y
= x.
From this it follows that
(3.25) F (x) =
n∑
i=1
xiyi −G(y), where y = ∂F
∂x
.
Define
l∞(x) =
d∑
i=1
〈x, ui〉.
From equations (3.23) and (3.25) it follows that F has the expression
(3.26) F =
1
2
ν∗
(
d∑
k=1
λk log lk + l∞
)
,
which gives us the following.
Theorem 3.23 ([22, 11]). On the open T nC orbit of XΣ∗ the Ka¨hler form ω is given
by
i∂∂¯ν∗
(
d∑
k=1
λk log lk + l∞
)
.
Suppose we have an embedding as in Proposition 3.16,
ψh : XΣ∗ → CPN .
So Σh is an integral polytope and M ∩ Σh = {m0,m1, . . . ,mN}. Let ωFS be the
Fubini-Study metric on CPN . Note that ψ∗hωFS is degenerate along the singular
set of X , so does not define a Ka¨hler form.
Consider the restriction of ψh to the open T
n
C orbit W ⊂ X . Let ι = ψh|W . It is
induced by a representation
(3.27) τ : T nC → GL(N + 1,C),
with weights m0,m1, . . . ,mN . If z = x + iy ∈ Cn/2πiZn = T nC , and w =
(w0, . . . , wN ), then
(3.28) τ(exp z)w = (e〈m0,x+iy〉w0, . . . , e
〈mN ,x+iy〉wN ).
Recall the Fubini-Study metric is
(3.29) ωFS = i∂∂¯ log |w|2.
Let [w0 : · · · : wN ] be homogeneous coordinates of a point in the image of W , then
(3.30) ι∗ωFS = i∂∂¯ log
( N∑
k=0
|wk|2e2〈mk,x〉
)
.
From equation (3.23) we have
x =
∂G
∂y
=
1
2
( d∑
j=1
uj log lj + u
)
,
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where u =
∑
uj . Then
2〈mi, x〉 = 2〈mi, ∂G
∂y
〉 =
d∑
j=1
〈mi, uj〉 log lj + 〈mi, u〉.
So setting di = e
〈mi,u〉, gives
e2〈mi,x〉 = ν∗
(
di
d∏
j=1
l
〈mi,uj〉
j
)
.
But from (3.26),
e2F = ν∗
(
el∞
d∏
j=1
l
λj
j
)
.
Combining these,
e2〈mi,x〉 = e2F ν∗
(
die
−l∞
d∏
j=1
l
lj(mi)
j
)
.
Let ki = |wi|2di, then summing gives
N∑
i=1
|wi|2e2〈mi,x〉 = e2F ν∗(e−l∞Q),
where
Q =
N∑
i=1
ki
d∏
j=1
l
lj(mi)
j .
Thus we have
(3.31) ψ∗hωFS = ω + i∂∂¯ν
∗(−l∞ + logQ).
Using that Σh is integral, and ki 6= 0 for mi a vertex of Σh, it is not difficult to
show that Q is a positive function on Σh. Thus equation (3.31) is valid on all of X .
Theorem 3.24. Suppose Lh is very ample for some h ∈ SF(∆∗) strictly upper
convex and integral, and let ω be the canonical Ka¨hler metric for the polytope Σh.
Then
[ω] = 2πc1(L) = [ψ
∗
hωFS].
Corollary 3.25. Suppose X = X∆∗ is Fano. Let ω be the canonical metric of the
integral polytope Σ∗−k. Then
[ω] = 2πc1(K
−1) = 2πc1(X).
Thus c1(X) > 0. Conversely, if c1(X) > 0, then K
−p is very ample for some p > 0
and X is Fano as defined in definition (3.15).
Proof. For some p ∈ Z+, −pk ∈ SF(∆∗) is integral and L−pk = K−p is very ample.
Let ω˜ be the canonical metric of the integral polytope Σ∗−pk. From the theorem we
have
[ω˜] = 2πc1(K
−p) = 2πpc1(X).
Let ω be the canonical metric for Σ∗−k. Theorem (3.23) implies that [ω˜] = p[ω]
For the converse, It follows from the extension to orbifolds of the Kodaira em-
bedding theorem of W. Baily [2] that K−p is very ample for some p > 0 sufficiently
15
large. It follows from standard results on toric varieties that −k is strictly upper
convex (see [34]). 
The next result will have interesting applications to the Einstein manifolds con-
structed later.
Proposition 3.26. With the canonical metric the volume of XΣ∗ is (2π)
n times
the Euclidean volume of Σ.
Proof. Let W ⊂ X be the open T nC orbit. We identify W with Cn/2πiZn with
coordinates x+ iy. The restriction of ω to W is
ω|W =
n∑
j,k=1
∂2F
∂xj∂xk
dxj ∧ dyk.
Thus
ωn
n!
= det
(
∂2F
∂xj∂xk
)
dx ∧ dy.
Integrating over dy gives
Vol(X,ω) = (2π)n
∫
Rn
det
(
∂2F
∂xj∂xk
)
dx.
By Proposition 3.22 x → z = ν(x + iy) = ∂F∂x is a diffeomorphism from Rn to Σ◦.
By the change of variables,
Vol(Σ) =
∫
Σ
dz =
∫
Rn
det
(
∂2F
∂xj∂xk
)
dx.

Corollary 3.27. Let X = X∆∗ be a toric Fano orbifold. And let ω be any Ka¨hler
form with ω ∈ c1(X). Then
Vol(X,ω) =
1
n!
c1(X)
n[X ] = Vol(Σ−k).
Proof. Let ωc be the canonical metric associated to Σ
∗
−k, then
1
2piωc ∈ c1(X) by
Corollary 3.25. Then
Vol(X,ω) =
1
(2π)n
Vol(X,ωc) = Vol(Σ−k).

3.3. Moment map and Futaki invariant. A closer analysis of the moment map
in the Fano case, originally due to T. Mabuchi [30], will be useful. Suppose in
this section that X = X∆∗ is toric Fano with dimCX = n. As above, zk =
xk + iyk, 1 ≤ k ≤ n are logarithmic coordinates, (z1, . . . , zn) ∈ Cn/2πiZn ∼= TC.
For (t1, . . . , tn) ∈ TC, xk = log |tk|. Then a T -invariant function u ∈ C∞(TC) is
considered as a C∞ function u = u(x1, . . . , xn) on R
n. There exists a T -invariant
fiber metric Ω on K−1X with positive Chern form. Thus there exits a C
∞ function
u = u(x1, . . . , xn) so that
(3.32) e−u
n∏
k=1
(dxk ∧ dyk),
16
extends to a volume form Ω on all of X and i∂∂¯u extends to a Ka¨hler form ω. The
moment map νu : X →MR can be given, without an ambiguous constant, as
(3.33) νu(t) = (
∂u
∂x1
(t), . . . ,
∂u
∂xn
(t)), for t ∈ TC.
Theorem 3.28. The closure of the image νu(TC) in MR is Σ−k. Furthermore, νu
extends to a C∞ map νu : X →MR, which is the usual moment map.
Only the first statement remains to be proved. This is a slight generalization of
a similar result in [30].
We define the Futaki invariant. Let Auto(X) ⊆ Aut(X) be the subgroup of the
homomorphic automorphism group preserving the orbifold structure, and let g be
its Lie algebra. Let ω ∈ 2πc1(X) be a Ka¨hler form. There exists f ∈ C∞(X) with
Ricci(ω)−ω = i∂∂¯f . Set c = −2n+1((2πc1(X))n[X ])−1. Then the Futaki invariant
F : g→ C is defined by
(3.34) F (V ) = c
∫
X
V fωn, for V ∈ g.
Note that, as proved in [17], F is zero on [g, g]. We have the Cartan decomposition
g = tC ⊕
∑
i
Cvi,
where the vi are eigenvalues for the adjoint action of tC. Since t is the Lie algebra
of a maximal torus, one see that the vi are contained in [g, g]. Thus we may restrict
F to tC.
Suppose L is an equivariant holomorphic line V-bundle on X . In our case of
interest L = K−1X with the usual action. Let H be the space of hermitian metrics on
L. For h ∈ H denote by c1(L, h) the Chern form, i2pi ∂¯∂ log(h) in local holomorphic
coordinates. For a pair (h′, h′′) ∈ H ×H we define
RL(h
′, h′′) :=
∫ t1
t0
(∫
X
h−1t h˙t(2πc1(L, ht))
n
)
dt,
where ht, t0 ≤ t1 is any piecewise smooth path with ht0 = h′ and ht1 = h′′. One
has that RL(h
′, h′′) is independent of the path ht and satisfies
RL(g
∗h′, g∗h′′) = RL(h
′, h′′), for g ∈ Auto(X),
and the cocycle conditions
RL(h
′, h′′) +RL(h
′′, h′) = 0, and(3.35)
RL(h, h
′) +RL(h
′, h′′) +RL(h
′′, h) = 0,(3.36)
for any h, h′, h′′ ∈ H . These identities imply that
(3.37) rL(g) := exp(RL(h, g
∗h), for g ∈ Auto(X),
is in independent of h ∈ H and is a Lie group homomorphism into R+. It has
associated Lie algebra character rL∗ : g→ R.
Let σ be a TC-invariant section of L
∗. Then h ∈ H is h = e−uhσ⊗ σ¯ on W ∼= TC
for some uh ∈ C∞(W ). We denote by VR the real component of a homomorphic
vector field. Then differentiating (3.37) gives
(3.38) rL∗(V ) = −
∫
W
VR(uh)(i∂∂¯uh)
n,
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for V ∈ tC independent of h ∈ H . We have the following.
Proposition 3.29. Suppose X∆∗ is a toric Fano orbifold. Then with L = K
−1
X we
have
FX = −2n+1((2πc1(X))n[X ])−1rL∗,
where both sides are restricted to tC.
Proof. By assumption there is an h ∈ H with positive Chern form. Let β be a
TC-invariant section of K
−1
X overW . Then h may be written as the volume form on
W Ω = in(−1)n(n−1)/2e−uhβ∧ β¯ and i∂∂¯uh extends to a Ka¨hler form ω ∈ 2πc1(X).
Then if f = log( Ωωn ), we have
Ricci(ω)− ω = i∂∂¯f.
Then
0 =
∫
X
LVR
(
e−fΩ
)
= −
∫
X
VR(f)ω
n +
∫
X
e−fLVRΩ
= −
∫
X
VR(f)ω
n −
∫
W
VR(uh)ω
n
And the result follows from (3.38). 
The tk
∂
∂tk
, k = 1, . . . , n from a basis of tC. We may assume that the Ka¨hler form
ω is T -invariant. Then we have
FX(tk
∂
∂tk
) = −2n+1((2πc1(X))n[X ])−1rL∗(tk
∂
∂tk
)
= 2n((2πc1(X))
n[X ])−1
∫
W
∂uh
∂xk
(i∂∂¯uh)
n
= 2n((2πc1(X))
n[X ])−1
∫
W
∂uh
∂xk
(
1
2
)n
n! det
(
∂2uh
∂xj∂xk
) n∏
l=1
dxl ∧ dyl
= (2π)n((2πc1(X))
n[X ])−1
∫
Rn
∂uh
∂xk
n! det
(
∂2uh
∂xj∂xk
)
dx
= (2π)nn!((2πc1(X))
n[X ])−1
∫
Σ−k
ykdy
= Vol(Σ−k)
−1
∫
Σ−k
ykdy
where yk =
∂uh
∂xk
.
We have the following simple interpretation of the Futaki invariant in this case.
Proposition 3.30. Suppose X = X∆∗ is a toric Fano orbifold. Then the Futaki
invariant FX is the barycenter of the polytope Σ−k.
3.4. Symmetric toric orbifolds. Let X∆ be an n-dimensional toric variety. Let
N (TC) ⊂ Aut(X) be the normalizer of TC. ThenW(X) := N (TC)/TC is isomorphic
to the finite group of all symmetries of ∆, i.e. the subgroup of GL(n,Z) of all
γ ∈ GL(n,Z) with γ(∆) = ∆. Then we have the exact sequence.
(3.39) 1→ TC → N (TC)→W(X)→ 1.
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Choosing a point x ∈ X in the open orbit, defines an inclusion TC ⊂ X . This
also provides a splitting of (3.39). Let W0(X) ⊆ W(X) be the subgroup which
are also automorphisms of ∆∗; γ ∈ W0(X) is an element of N (TC) ⊂ Aut(X)
which preserves the orbifold structure. Let G ⊂ N (TC) be the compact subgroup
generated by T n, the maximal compact subgroup of TC, andW0(X). Then we have
the, split, exact sequence
(3.40) 1→ T n → G→W0(X)→ 1.
Definition 3.31. A symmetric Fano toric orbifold X is a Fano toric orbifold with
W0 acting on N with the origin as the only fixed point. Such a variety and its
orbifold structure is characterized by the convex polytope ∆∗ invariant under W0.
We call a toric orbifold special symmetric if W0(X) contains the involution σ :
N → N , where σ(n) = −n.
The following is immediate from Proposition 3.30.
Proposition 3.32. For a symmetric Fano toric orbifold X one has FX ≡ 0.
Definition 3.33. The index of a Fano orbifold X is the largest positive integer m
such that there is a holomorphic V -bundle L with Lm ∼= K−1X . The index of X is
denoted Ind(X).
Note that c1(X) ∈ H2orb(X,Z), and Ind(X) is the greatest positive integer m
such that 1mc1(X) ∈ H2orb(X,Z).
Proposition 3.34. Let X∆∗ be a special symmetric toric Fano orbifold. Then
Ind(X) = 1 or 2.
Proof. We have K−1 ∼= L−k with −k ∈ SF(∆∗) where −k(nρ) = −1 for all ρ ∈
∆(1). Suppose we have Lm ∼= K−1. By Proposition 3.12 there is an h ∈ SF(∆∗)
and f ∈M so that mh = −k + f . For some ρ ∈ ∆(1),
mh(nρ) = −1 + f(nρ)
mh(−nρ) = −1− f(nρ).
Thus m(h(nρ) + h(−nρ)) = −2, and m = 1 or 2. 
We will now restrict to dimension two. In the smooth case every Fano surface,
called a del Pezzo surface, is either CP 1 × CP 1 or CP 2 blown up at r points in
general position 0 ≤ r ≤ 8. The smooth toric Fano surfaces are CP 1 × CP 1, CP 2,
the Hirzebruch surface F1, the equivariant blow up of CP
2 at two TC-fixed points,
and the equivariant blow up of CP 2 at three TC-fixed points. There are only three
examples of smooth symmetric toric Fano surfaces, which are CP 1 × CP 1, CP 2,
and the equivariant blow up of CP 2 at three TC-fixed points. Their marked fans
are shown in figure 1. The smooth toric Fano surfaces admitting a Ka¨hler-Einstein
metric are precisely the symmetric cases.
4. Einstein equation
We consider the existence of Sasaki-Einstein metrics on toric Sasakian manifolds.
This problem is completely solved in [18] where the more generally the existence of
Sasaki-Ricci solitons is proved extending the existence of Ka¨hler-Ricci solitons on
toric Fano manifolds proved in [41]. For the examples of Sasaki-Einstein manifolds
considered in this article a complete proof can be found in [40].
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Figure 2. Example with 8 point singular set and W0 = Z2
Given a Sasakian manifold (M, g,Φ, ξ, η) we consider deformations of the transver-
sal Ka¨hler structure. That is, for a basic function φ ∈ C∞B (M), set
η˜ = η + 2dcBφ.
Then for φ small enough,
ω˜T =
1
2
dη˜ =
1
2
dη + dBd
c
Bφ = ω
T + dBd
c
Bφ
is a transversal Ka¨hler metric and η˜∧ η˜m is nowhere zero. Then there is a Sasakian
structure (M, g˜, Φ˜, ξ, η˜) with the same Reeb vector field, transverse holomorphic
structure, and basic Ka¨hler class [ω˜T ]B = [ω
T ]B . The existence of such a defor-
mation of the transverse Ka¨hler structure to a Sasakian Einstein structure requires
the following.
Proposition 4.1. The following three conditions are equivalent.
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(i) (2m+ 2)ω ∈ 2πcB1 (M).
(ii) KqC(M) is holomorphically trivial for some q ∈ Z+, and there is a nowhere
zero section Ω of KC(M), which will be multi-valued if K
q
C(M) is not trivial,
with Lr∂rΩ = (m+ 1)Ω.
(iii) KqC(M) is holomorphically trivial for some q ∈ Z+, and there is a section Ω
of KC(M), which will be multi-valued if K
q
C(M) is not trivial, such that
im+1
2m+1
(−1)m(m+1)2 Ω ∧ Ω¯ = ef 1
n!
ω¯m+1,
for f ∈ C∞B (M) pulled back to an element of C∞(C(M)). Here ω¯ is the
Ka¨hler form on C(M).
In Proposition 2.4 with L = K
1
q
X the conditions of Proposition 4.1 are satisfied.
We will need the following definition.
Definition 4.2. A Hamiltonian holomorphic vector field on M is a complex vector
field Y invariant by ξ so that
(i) For any local leaf space projection πα : Uα → Vα, πα(Y ) is a holomorphic
vector field,
(ii) the complex function θY =
√−1η(Y ) satisfies
∂¯BθY = −
√−1
2
Y ¬dη.
The Lie algebra of Hamiltonian holomorphic vector fields on M is denoted h.
Note that Y˜ = Y + iη(Y )r∂r is a holomorphic vector field on C(M). These
correspond exactly to transversely holomorphic vector fields, i.e. those satisfying
(i), which have a potential function (cf. [10]). In other words if Y ∈ Γ(D ⊗ C)
satisfies (i) and LξY = 0, and there exits a complex function θY ∈ C∞B (M) with
∂¯BθY = −
√−1
2
Y ¬dη,
then Y − √−1θY ξ is a Hamiltonian holomorphic vector field. Furthermore, in
the case cB1 (M) > 0 by the transverse Calabi-Yau theorem (cf. [28]) there exits a
transversal Ka¨hler deformation (M, g˜, Φ˜, ξ, η˜) with η˜ = η + 2dcBφ for some basic
φ ∈ C∞B (M) with RicTg˜T positive. The usual Weitzenbo¨ck formula shows that the
space of basic harmonic 1-forms H 1B is zero. It follows that if Y ∈ Γ(D⊗C) satisfies
(i) and LξY = 0, there exits a potential function θY ∈ C∞B (M) so that Y −
√−1θY ξ
is a Hamiltonian holomorphic vector field. Thus h is isomorphic to the space of
transversely holomorphic vector fields commuting with ξ, which is isomorphic to
the space of holomorphic vector fields on C(M) commuting with ξ +
√−1r∂r.
We now suppose that the conditions of Proposition 4.1 hold for (M, g,Φ, ξ, η).
Let Y be a Hamiltonian holomorphic vector field. Then (M, g,Φ, ξ, η) is a Sasakian-
Ricci soliton if
(4.1) RicT −(2m+ 2)gT = LY gT .
Let h ∈ C∞B (M) be a basic function with
(4.2) Ricci(ωT )− (2m+ 2)ωT = i∂B ∂¯Bh,
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where ωT = 12dη is the transverse Ka¨hler form. In [39] Tian and Zhu defined a
modified Futaki invariant FY
(4.3) FY (v) =
∫
M
v(h− θY )eθY η ∧ (1
2
dη)m, v ∈ h.
One can show as in [39] that FY is unchanged under transversal deformations
η → η˜+2dcBφ of the Sasakian structure; and FY (v) = 0, for all v ∈ h, is a necessary
condition for a solution to (4.1). If θY is a constant, i.e. Y = cξ for some c ∈ C,
then (4.3) defines the usual Futaki invariant. And if M is quasi-regular this is, up
to a constant, the same invariant defined in (3.34).
Let H be the transversal holomorphic automorphism group generated by h. Let
K ⊂ H be a compact group with Lie algebra k, and let kC be its complexification.
Note that we may choose a K-invariant Sasakian structure (M, g˜, Φ˜, ξ, η˜). Then for
Y ∈ k, one can take θY to be imaginary. So one has kC ⊂ h. As in [39] we have the
following.
Proposition 4.3. There exists a Y ∈ kC with ImY ∈ k so that
FY (v) = 0, for all v ∈ kC.
Furthermore, Y is unique up to addition of cξ, for c ∈ C, and
FY ([v, w]) = 0, for all v ∈ kC and w ∈ h.
Suppose now that (M, g,Φ, ξ, η) is a toric Sasakian manifold. If t is the Lie
algebra of the m + 1-torus T acting on M , then t ⊂ tC ⊆ h. Using the same
argument as after (3.34) we have the following.
Corollary 4.4. If M is toric, then there exists a unique Y ∈ tC with ImY ∈ t so
that
FY (v) = 0, for all v ∈ h.
For φ ∈ C∞B (M), η˜ = η+ 2dcBφ defines a transversally deformed Sasakian struc-
ture, with transverse Ka¨hler form ω˜T = ω + i∂∂¯φ. And the Hamiltonian function
for Y ∈ h becomes θ˜Y = θY + Y φ (see [39]). In transverse holomorphic coordinates
(4.1) becomes the Monge-Ampe`re equation
(4.4)
det(gTij¯ + φij¯)
det(gT
ij¯
)
= e−(2m+2)φ−θY−Y φ+h.
In the toric case A. Futaki, H. Ono, and G. Wang [18] prove the necessary C0
estimate on φ to solve (4.4) using the continuity method.
Theorem 4.5. Let (M, g,Φ, ξ, η) be a compact toric Sasakian manifold satisfy-
ing the conditions in (4.1). Then there exists a unique transversal deformation
(M, g˜, Φ˜, ξ, η˜) which is a Sasakian-Ricci soliton.
If the Futaki invariant vanishes, then one has Y = 0 in Corollary 4.4. Therefore
we have the following.
Corollary 4.6. The solution in Theorem 4.5 is Einstein if, and only if, the Futaki
invariant vanishes.
If (M, g,Φ, ξ, η) is quasi-regular then the leaf space of Fξ is a toric orbifold
X = XΣ∗
−k
where Σ∗−k is the marked polytope of the anti-canonical bundle. Then
(M, g,Φ, ξ, η) admits a transversal deformation to an Sasaki-Einstein structure if,
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and only if, the barycenter of Σ∗−k is the origin. In particular, if M is quasi-regular
and the leaf space X∆∗ is symmetric, then solution is Einstein.
5. 3-Sasakian manifolds
In this section we define 3-Sasakian manifolds, the closely related quaternionic-
Ka¨hler spaces, and their twistor spaces. For more details see [5]. These are sister
geometries where one is able to pass from one to the other two by considering
the appropriate orbifold fibration. Given a 3-Sasakian manifold S there is the
associated twistor space Z, quaternionic-Ka¨hler orbifoldM, and hyperka¨hler cone
C(S). This is characterized by the diamond :
C(S)
S Z
M
................
................
................
................
.......................................
.....................................
The equivalent 3-Sasakian and quaternionic-Ka¨hler reduction procedures pro-
vide an elementary method for constructing 3-Sasakian and quaternionic-Ka¨hler
orbifolds (cf. [19, 8]). This method is effective in producing smooth 3-Sasakian
manifolds, though the quaternionic-Ka¨hler spaces obtained are rarely smooth. In
particular, we are interested in toric 3-Sasakian 7-manifolds S and their associ-
ated four dimensional quaternionic-Ka¨hler orbifoldsM. Here toric means that the
structure is preserved by an action of the real two torus T 2. In four dimensions
quaternionic-Ka¨hler means that M is Einstein and anti-self-dual, i.e. the self-dual
half of the Weyl curvature vanishes W+ ≡ 0. These examples are well known and
they are all obtained by reduction (cf. [8] and [12]). In this case we will associate
two more Einstein spaces to the four Einstein spaces in the diamond. To each dia-
mond of a toric 3-Sasakian manifold we have a special symmetric toric Fano surface
X and a Sasaki-Einstein manifold M which complete diagram 1.1.
The motivation is two fold. First, it adds two more Einstein spaces to the
examples on the right considered by C. Boyer, K. Galicki, and others in [8, 5]
and also by D. Calderbank and M. Singer [12]. Second, M is smooth when the
3-Sasakian space S is. And the smoothness of S is ensured by a relatively mild
condition on the moment map. Thus we get infinitely many quasi-regular Sasaki-
Einstein 5-manifolds with arbitrarily high second Betti numbers paralleling the
3-Sasakian manifolds constructed in [8].
5.1. Definitions and basic properties. We cover some of the basics of 3-Sasakian
manifolds and 3-Sasakian reduction. See [5] for more details.
Definition 5.1. Let (S, g) be a Riemannian manifold of dimension n = 4m +
3. Then S is 3-Sasakian if it admits three Killing vector fields {ξ1, ξ2, ξ3} each
satisfying definition (2.1) such that g(ξi, ξk) = δij and [ξ
i, ξj ] = 2ǫijkξ
k.
We have a triple of Sasakian structures on S. For i = 1, 2, 3 we have ηi(X) =
g(ξi, X) and Φi(X) = ∇Xξi. We say that {g,Φi, ξi, ηi : i = 1, 2, 3} defines a
3-Sasakian structure on S.
Proposition 5.2. The tensors Φi, i = 1, 2, 3 satisfy the following identities.
(i) Φi(ξj) = −ǫijkξk,
(ii) Φi ◦ Φj = −ǫijkΦk + ξi ⊗ ηj − δijId
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Notice that if α = (a1, a2, a3) ∈ S2 ⊂ R3 then ξ(α) = a1ξ1 + a2ξ2 + a3ξ3 is
a Sasakian structure. Thus a 3-Sasakian manifold come equipped with an S2 of
Sasakian structures.
As in definition 2.1, 3-Sasakian manifolds can be characterized by the holonomy
of the cone C(S).
Proposition 5.3. Let (S, g) be a Riemannian manifold of dimension n = 4m+3.
Then (S, g) is 3-Sasakian if, and only if, the holonomy of the metric cone (C(S), g¯)
is a subgroup of Sp(m+ 1). In other words, (C(S), g¯) is hyperka¨hler.
Proof. Define almost complex structures Ii, i = 1, 2, 3 by
IiX = −Φi(X) + ηi(X)r∂r , and Iir∂r = ξi.
It is straight forward to verify that they satisfy Ii ◦ Ij = ǫijkIk − δijId. And
from the integrability condition on each Φi in definition (2.1) each Ii, i = 1, 2, 3 is
parallel. 
Since a hyperka¨hler manifold is Ricci flat, we have the following.
Corollary 5.4. A 3-Sasakian manifold (S, g) of dimension n = 4m+3 is Einstein
with positive scalar curvature s = 2(2m + 1)(4m + 3). Furthermore, if (S, g) is
complete, then it is compact with finite fundamental group.
The structure group of a 3-Sasakian manifold reduces to Sp(m)× I3 where I3 is
the 3× 3 identity matrix. Thus we have
Corollary 5.5. A 3-Sasakian manifold (M, g) is spin.
Suppose (S, g) is compact. This will be the case in all examples considered here.
Then the vector fields {ξ1, ξ2, ξ3} are complete and define a locally free action of
Sp(1) on (S, g). This defines a foliation F3, the 3-Sasakian foliation. The generic
leaf is either SO(3) or Sp(1), and all the leaves are compact. So F3 is quasi-
regular, and the space of leaves is a compact orbifold, denoted M. The projection
̟ : S → M exhibits S as an SO(3) or Sp(1) V-bundle over M. The leaves
of F3 are constant curvature 3-Sasakian 3-manifolds which must be homogeneous
spherical space forms. Thus a leaf is Γ\S3 with Γ ⊂ Sp(1).
For β ∈ S2 we also have the characteristic vector field ξβ with the associated
1-dimensional foliation Fβ ⊂ F3. In this case Fβ is automatically quasi-regular.
Denote the leaf space of Fβ as Zβ or just Z. Then the natural projection π : S → Z
is an S1 V-bundle. And Z is a (2m + 1)-dimensional projective, normal algebraic
variety with orbifold singularities and a Ka¨hler form ω ∈ corb1 (Z), i.e. is Fano.
Fix a Sasakian structure {Φ1, ξ1, η1} on S. The horizontal subbundle H = ker η1
to the foliation F of ξ1 with the almost complex structure I = −Φ1|H define a CR
structure on S. The form η = η2 + iη3 is of type (1, 0) with respect to I. And
dη|H∩ker(η) ∈ Ω2,0(H∩ker(η)) is nondegenerate as a complex 2-form on H∩ker(η).
Consider the complex 1-dimensional subspace P ⊂ Λ1,0H spanned by η. Letting
exp(itξ1) denote an element of the circle subgroup U(1) ⊂ Sp(1) generated by ξ1
one see that exp(itξ1) acts on P with character e−2it. Then L ∼= S ×U(1) P defines
a holomorphic line V-bundle over Z. And we have a holomorphic section θ of
Λ1,0(Z)⊗ L such that
θ(X) = η(X˜),
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where X˜ is the horizontal lift of a vector field X on Z. Let D = ker(θ) be the
complex distribution defined by θ. Then dθ|D ∈ Γ(Λ2D ⊗ L) is nondegenerate.
Thus D = ker(θ) is complex contact structure on Z, that is, a maximally non-
integrable holomorphic subbundle of T 1,0Z. Also, θ ∧ (dθ)m is a nowhere zero
section of KZ ⊗Lm+1. Thus L ∼= K−
1
m+1
Z as holomorphic line V-bundles. We have
the following for 3-Sasakian manifolds.
Theorem 5.6. Let (S, g) be a compact 3-Sasakian manifold of dimension n =
4m + 3, and let Zβ be the leaf space of the foliation Fβ for β ∈ S2. Then Zβ is
a compact Q-factorial contact Fano variety with a Ka¨hler-Einstein metric h with
scalar curvature s = 8(2m + 1)(m + 1). The projection π : S → Z is an orbifold
Riemannian submersion with respect to the metrics g on S and h on Z.
The space Z = Zβ is, up to isomorphism of all structures, independent of β ∈ S2.
We call Z the twistor space of S. Consider again the natural projection ̟ : S →M
coming from the foliation F3. This factors into π : S → Z and ρ : Z → M. The
generic fibers of ρ is a CP 1 and there are possible singular fibers Γ\CP 1 which
are simply connected and for which Γ ⊂ U(1) is a finite group. And restricting
to a fiber L|CP 1 = O(2), which is a V-bundle on singular fibers. Consider g =
exp(pi2 ξ
2) ∈ Sp(1) which gives an isometry of S ςg : S → S for which ςg(ξ1) = −ξ1.
And ςg descends to an anti-holomorphic isometry σ : Z → Z preserving the fibers.
We now consider the orbifold M more closely. Let (M, g) be any 4m dimen-
sional Riemannian orbifold. An almost quaternionic structure on M is a rank 3
V-subbundleQ ⊂ End(TM) which is locally spanned by almost complex structures
{Ji}i=1,2,3 satisfying the quaternionic identities J2i = −Id and J1J2 = −J2J1 = J3.
We say that Q is compatible with g if J∗i g = g for i = 1, 2, 3. Equivalently, each
Ji, i = 1, 2, 3 is skew symmetric.
Definition 5.7. A Riemannian orbifold (M, g) of dimension 4m,m > 1 is quater-
nionic Ka¨hler if there is an almost quaternionic structure Q compatible with g which
is preserved by the Levi-Civita connection.
This definition is equivalent to the holonomy of (M, g) being contained in
Sp(1)Sp(m). For orbifolds this is the holonomy onM\SM where SM is the singular
locus of M. For more on quaternionic Ka¨hler manifolds see [37]. Notice that this
definition always holds on an oriented Riemannian 4-manifold (m = 1). This case
requires a different definition. Consider the curvature operator R : Λ2 → Λ2 of an
oriented Riemannian 4-manifold. With respect to the decomposition Λ2 = Λ2+⊕Λ2−,
we have
(5.1) R =
W+ + s12 ◦r◦
r W− +
s
12
 ,
where W+ and W− are the selfdual and anti-self-dual pieces of the Weyl curvature
and
◦
r = Ric− s4g is the trace-free Ricci curvature. An oriented 4 dimensional
Riemannian orbifold (M, g) is quaternionic Ka¨hler if it is Einstein and anti-self-
dual, meaning that
◦
r = 0 and W+ = 0.
Theorem 5.8. Let (S, g) be a compact 3-Sasakian manifold of dimension n =
4m+ 3. Then there is a natural quaternionic Ka¨hler structure on the leaf space of
F3, (M, gˇ), such that the V-bundle map ̟ : S →M is a Riemannian submersion.
Furthermore, (M, gˇ) is Einstein with scalar curvature 16m(m+ 2).
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5.2. 3-Sasakian reduction. We now summarize 3-Sasakian reduction and its ap-
plication to producing infinitely many 3-Sasakian 7-manifolds. In particular, we are
interested in toric 3-Sasakian 7-manifolds which have a T 2 action preserving the
3-Sasakian structure. Up to coverings they are all obtainable by taking 3-Sasakian
quotients of S4n−1 by a torus T k, k = n− 2. See [8, 5] for more details.
Let (S, g) be a 3-Sasakian manifold. And let I(S, g) be the subgroup in the
isometry group Isom(S, g) of 3-Sasakian automorphisms.
Definition 5.9. Let (S, g) be a 3-Sasakian 7-manifold. Then (S, g) is toric if there
is a real 2-torus T 2 ⊆ I(S, g).
Let G ⊆ I(S, g) be compact with Lie algebra g. One can define the 3-Sasakian
moment map
(5.2) µS : S → g∗ ⊗ R3
by
(5.3) 〈µaS , X〉 =
1
2
ηa(X˜), a = 1, 2, 3 for X ∈ g,
where X˜ be the vector field on S induced by X ∈ g.
Proposition 5.10. Let (S, g) be a 3-Sasakian manifold and G ⊂ I(S, g) a con-
nected compact subgroup. Assume that G acts freely (locally freely) on µ−1S (0).
Then S  G = µ−1S (0)/G has the structure of a 3-Sasakian manifold (orbifold).
Let ι : µ−1S (0) → S and π : µ−1S (0) → µ−1S (0)/G be the corresponding embedding
and submersion. Then the metric gˇ and 3-Sasakian vector fields are defined by
π∗gˇ = ι∗g and π∗ξ
i|µ−1
S
(0) = ξˇ
i.
Consider the unit sphere S4n−1 ⊂ Hn with the metric g obtained by restricting
the flat metric on Hn. Give S4n−1 the standard 3-Sasakian structure induced by
the right action of Sp(1). Then I(S4n−1, g) = Sp(n) acting by the standard linear
representation on the left. We have the maximal torus T n ⊂ Sp(n) and every
representation of a subtorus T k is conjugate to an inclusion ιΩ : T
k → T n which is
represented by a matrix
(5.4) ιΩ(τ1, . . . , τk) =

∏k
i=1 τ
ai1
1 · · · 0
...
. . .
...
0 · · · ∏ki=1 τainn
 ,
where (τ1, . . . , τk) ∈ T k. Every such representation is defined by the k× n integral
weight matrix
(5.5) Ω =

a11 · · · a1k · · · a1n
a21 · · · a2k · · · a2n
...
. . .
...
. . .
...
ak1 · · · ank · · · akn

Let {ei}, i = 1, . . . , k be a basis for the dual of the Lie algebra of T k, t∗k ∼= Rk.
Then the moment map µΩ : S
4n−1 → t∗k ⊗ R3 can be written as µΩ =
∑
j µ
j
Ωej,
where in terms of complex coordinates ul = zl + wlj on H
n
(5.6) µjΩ(z,w) = i
∑
l
ajl (|zl|2 − |wl|2) + 2k
∑
l
ajl w¯lzl.
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Denote by ∆α1,...,αk the
(
n
k
)
k × k minor determinants of Ω.
Definition 5.11. Let Ω ∈ Mk,n(Z) be a weight matrix.
(i) Ω is nondegenerate if ∆α1,...,αk 6= 0, for all 1 ≤ α1 < · · · < αk ≤ n.
Let Ω be nondegenerate, and let d be the gcd of all the ∆α1,...,αk , the kth
determinantal divisor. Then Ω is admissible if
(ii) gcd(∆α2,...,αk+1 , . . . ,∆α1,...,αˆt,...,αk+1 , . . . ,∆α1,...,αk) = d for all length k + 1
sequences 1 ≤ α1 < · · · < αt < · · · < αk+1 ≤ n+ 1.
The quotient obtained in Proposition 5.10 SΩ = S4n−1T k(Ω) will depend on Ω
only up to a certain equivalence. Choosing a different basis of tk results in an action
on Ω by an element in Gl(k,Z). We also have the normalizer of T n in Sp(n), the
Weyl group W (Sp(n)) = Σn × Zn2 where Σn is the permutation group. W (Sp(n))
acts on S4n−1 preserving the 3-Sasakian structure, and it acts on weight matrices
by permutations and sign changes of columns. The group Gl(k,Z)×W (Sp(n)) acts
on Mk,n(Z). We say Ω is reduced if d = 1 in definition 5.11. It is a result in [8]
that we may assume that a nondegenerate weight matrix Ω is reduced, as this is
the case when (5.4) is an inclusion.
Theorem 5.12 ([5, 8]). Let Ω ∈ Mk,n(Z) be reduced.
(i) If Ω is nondegenerate, then SΩ is an orbifold.
(ii) Supposing Ω is nondegenerate, SΩ is smooth if and only if Ω is admissible.
Notice that the automorphism group of SΩ contains T n−k ∼= T n/ιΩ(T k).
We now restrict to the case of 7-dimensional toric quotients, so n = k + 2. We
may take matrices of the form
(5.7) Ω =

1 0 · · · 0 a1 b1
0 1 · · · 0 a2 b2
...
...
. . .
...
...
...
0 0 · · · 1 ak bk
 .
Proposition 5.13 ([8]). Let Ω ∈ Mk,k+2(Z) be as above. Then Ω is admissible if
and only if ai, bj , i, j = 1, . . . , k are all nonzero, gcd(ai, bi) = 1 for i = 1, . . . , k, and
we do not have ai = aj and bi = bj, or ai = −aj and bi = −bj for some i 6= j.
This shows that for n = k+2 there are infinitely many reduced admissible weight
matrices. One can, for example, choose ai, bj , i, j = 1, . . . k be all pairwise relatively
prime. We will make use of the cohomology computation of R. Hepworth [26] to
show that we have infinitely many smooth 3-Sasakian 7-manifolds of each second
Betti number b2 ≥ 1. Let ∆p,q denote the k × k minor determinant of Ω obtained
by deleting the pth and qth columns.
Theorem 5.14 ([26][7, 8]). Let Ω ∈ Mk,k+2(Z) be a reduced admissible weight
matrix. Then π1(SΩ) = e. And the cohomology of SΩ is
p 0 1 2 3 4 5 6 7
Hp Z 0 Zk 0 GΩ Z
k 0 Z
,
where GΩ is a torsion group of order∑
|∆s1,t1 | · · · |∆sk+1,tk+1 |
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with the summand with index s1, t1, . . . , sk+1, tk+1 included if and only if the graph
on the vertices {1, . . . , k + 2} with edges {si, ti} is a tree.
If we consider weight matrices as in Proposition 5.13, then the order of GΩ is
greater than |a1 · · · ak|+ |b1 · · · bk|. We have the following.
Corollary 5.15 ([26][8]). There are smooth toric 3-Sasakian 7-manifolds with sec-
ond Betti number b2 = k for all k ≥ 0. Furthermore, there are infinitely many
possible homotopy types of examples SΩ for each k > 0.
5.3. Anti-self-dual Einstein spaces. We consider the anti-self-dual Einstein orb-
ifolds M =MΩ associated to the toric 3-Sasakian 7-manifolds S in greater detail.
Since M is a 4 dimensional orbifold with an effective action of T 2 the techniques
of [25] show thatM is characterized by the polygon QΩ =M/T 2 with k+2 edges,
b2(M) = k, labeled in cyclic order with (m0, n0), (m1, n1), . . . , (mk+2, nk+2) in Z2,
(m0, n0) = −(mk+2, nk+2), denoting the isotropy subgroups. For the quotientsMΩ
one can show the following (cf [40]):
a. The sequence mi, i = 0, . . . k + 2 is strictly increasing.
b. The sequence (ni−ni−1)/(mi−mi−1), i = 1, . . . k+2 is strictly increasing.
We will make use of the following result of D. Calderbank and M. Singer [12] which
classifies those compact orbifolds which admit toric anti-self-dual Einstein metrics.
The case for which the associated 3-Sasakian space is smooth is originally due to
R. Bielawski [4].
Theorem 5.16. Let M be a compact toric 4-orbifold with πorb1 (M) = e and k =
b2(M). Then the following are equivalent.
(i) One can arrange that the isotropy data of M satisfy a. and b. above by cyclic
permutations, changing signs, and acting by Gl(2,Z).
(ii) M admits a toric anti-self-dual Einstein metric unique up to homothety and
equivariant diffeomorphism. Furthermore, (M, g) is isometric to the quater-
nionic Ka¨hler reduction of HP k+1 by a torus T k ⊂ Sp(k + 2).
It is well known that the only possible smooth compact anti-self-dual Einstein
spaces with positive scalar curvature are S4 and CP
2
, which are both toric.
Suppose M has isotropy data v0, v1, . . . , vk+2. Then it is immediate that
v0, v1, . . . , vk+2,−v1,−v2, . . . ,−vk+1 are the vertices of a convex polygon in NR =
R2, which defines an augmented fan ∆∗ defining a toric Fano surface X . A bit
more thought gives the following.
Theorem 5.17. There is a one to one correspondence between compact toric anti-
self-dual Einstein orbifolds M with πorb1 (M) = e and special symmetric toric Fano
orbifold surfaces X with πorb1 (X) = e. And X has a Ka¨hler-Einstein metric of
positive scalar curvature. Under the correspondence if b2(M) = k, then b2(X) =
2k + 2.
This will be reproved in section 5.4 by exhibiting X as a divisor in the twistor
space.
Example. Consider the admissible weight matrix
Ω =
1 0 1 1
0 1 1 2
 .
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Then the 3-Sasakian space SΩ is smooth and b2(SΩ) = b2(MΩ) = 2. And the
anti-self-dual orbifold MΩ has isotropy data
v0 = (−7,−2), (−5,−2), (−1,−1), (5, 1), (7, 2) = v4.
The singular set of M consists of two points with stablizer group Z3 and two with
Z4. The associated toric Ka¨hler-Einstein surface is that in figure 2. ♦
The generic fiber of̟ : S →M is either SO(3) of Sp(1). In general the existence
of a lifting to an Sp(1) V-bundle is obstructed by the Marchiafava-Romani class
which when M is 4-dimensional is identical to w2(M) ∈ H2orb(M,Z2). In other
words, the contact line bundle L has a square root L
1
2 if, and only if, w2(M) = 0.
Proposition 5.18. Let X be the symmetric toric Fano surface associated to the
anti-self-dual Einstein orbifold M. Then Ind(X) = 2 if and only if w2(M) = 0. In
other words, K−1X has a square root if and only if the contact line bundle L does.
See [40] Proposition 5.22 for a proof.
5.4. Twistor space and divisors. We will consider the twistor space Z intro-
duced in Theorem 5.6 more closely for the case whenM is an anti-self-dual Einstein
orbifold. For now suppose (M, [g]) is an anti-self-dual, i.e. W+ ≡ 0, conformal orb-
ifold. There is a twistor space of (M, [g]) which is originally due to R. Penrose [36].
See [1] for positive definite case.
The twistor space of (M, [g]) is a complex three dimensional orbifold Z with the
following properties:
a. There is a V -bundle fibration ̟ : Z →M.
b. The general fiber of Px = ̟
−1(x), x ∈ Z is a projective line CP 1 with
normal bundle N ∼= O(1) ⊕O(1), which holds over singular fibers with N
a V-bundle.
c. There exists an anti-holomorphic involution σ of Z leaving the fibers Px
invariant.
Let T be an oriented real 4-dimensional vector space with inner product g.
Let C(T ) be set of orthogonal complex structures inducing the orientation, i.e.
if r, s ∈ T is a complex basis then r, Jr, s, Js defines the orientation. One has
C(T ) = S2 ⊂ Λ2+(T ), where S2 is the sphere of radius
√
2. Now take T to be H.
Recall that Sp(1) is the group of unit quaternions. Let
(5.8) Sp(1)+ × Sp(1)−
act on H by
(5.9) w→ gwg′−1, for w ∈ H and (g, g′) ∈ Sp(1)+ × Sp(1)−.
Then we have
(5.10) Sp(1)+ ×Z2 Sp(1)− ∼= SO(4),
where Z2 is generated by (−1,−1). Let
C = {ai+ bj + ck : a2 + b2 + c2 = 1, a, b, c ∈ R}
= {g ∈ Sp(1)+ : g2 = −1} ∼= S2.
(5.11)
Then g ∈ C defines an orthogonal complex structure by
w → gw, for w ∈ H,
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giving an identification C = C(H). Let V+ = H considered as a representation of
Sp(1)+ and a right C-vector space. Define π : V+ \ {0} → C by π(h) = −hih−1.
Then the fiber of π over hih−1 is hC. Then π is equivariant if Sp(1)+ acts on C by
q → gqg−1, g ∈ Sp(1)+. We have a the identification
(5.12) C = V+ \ {0}/C∗ = P(V+).
Fix a Riemannian metric g in [g]. Let φ : U˜ → U ⊂ M be a local uniformizing
chart with group Γ. Let FU˜ be the bundle of orthonormal frames on U˜ . Then
(5.13) FU˜ ×SO(4) P(V+) = FU˜ ×SO(4) C
defines a local uniformizing chart for Z mapping to
FU˜ ×SO(4) P(V+)/Γ = FU˜/Γ×SO(4) P(V+).
Right multiplication by j on V+ = H defines the anti-holomorphic involution σ
which is fixed point free on (5.13). We will denote a neighborhood as in (5.13) by
U˜Z .
An almost complex structure is defined as follows. At a point z ∈ U˜Z the Levi-
Civita connection defines a horizontal subspace Hz of the real tangent space Tz and
we have a splitting
(5.14) Tz = Hz ⊕ TzPx = Tx ⊕ TzPx,
where ̟(z) = x and Tx is the real tangent space of U˜ . Let Jz be the complex
structure on Tx given by z ∈ Px = C(Tx), and let J ′z be complex structure on
Tx ⊕ TzPx arising from the natural complex structure on Px. Then the almost
complex structure on Tz is the direct sum of Jz and J
′
z. This defines a natural
almost complex structure on ZU˜ which is invariant under Γ. We get an almost
complex structure on Z which is integrable precisely when W+ ≡ 0.
Assume that M anti-self-dual Einstein with non-zero scalar curvature. Then
Z has a complex contact structure D ⊂ T 1,0Z with holomorphic contact form
θ ∈ Γ(Λ1,0Z ⊗ L) where L = T 1,0Z/D.
The group of isometries Isom(M) lifts to an action on Z by real holomorphic
transformations. Real means commuting with σ. This extends to a holomorphic
action of the complexification Isom(M)C. For X ∈ Isom(M)⊗ C, the Lie algebra
of Isom(M)C, we will also denote by X the holomorphic vector field induced on
Z. Then θ(X) ∈ H0(Z,O(L)). By a well known twistor correspondence the map
X → θ(X) defines an isomorphism
(5.15) Isom(M)⊗ C ∼= H0(Z,O(L)),
which maps real vector fields to real sections of L.
Suppose for now on thatM is a toric anti-self-dual Einstein orbifold with twistor
space Z. We will assume that πorb1 (M) = e which can always be arranged by taking
the orbifold cover. Then as above T 2 acts on Z by holomorphic transformations.
And the action extends to T 2C = C
∗ ×C∗, which in this case is an algebraic action.
Let t be the Lie algebra of T 2 with tC the Lie algebra of T
2
C. Then we have from
(5.15) the pencil
(5.16) E = P(tC) ⊆ |L|,
where for t ∈ E we denoteXt = (θ(t)) the divisor of the section θ(t) ∈ H0(Z,O(L)).
Note that E has an equator of real divisors. Also, since T 2C is abelian, everyXt, t ∈ E
is T 2C invariant.
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Our goal is to determine the structure of the divisors in the pencil E. As before
we will consider the one parameter groups ρi ∈ N = Z× Z, where N is the lattice
of one parameter C∗-subgroups of T 2C. Also, we will identify the Lie algebra t of T
2
with N ⊗R and the Lie algebra tC of T 2C with N ⊗C. Since L|Px = O(2) a divisor
Xt ∈ E intersects a generic twistor line Px at two points.
Recall that the set of non-trivial stablizers of the T 2-action onM is B = ∪k+2i=1Bi
where Bi is topologically a 2-sphere. Denote by xi = Bi ∩ Bi+1 the k + 2 fixed
points of the action. We will denote Pi := Pxi , i = 1, . . . , k+2. One can show there
exist two irreducible rational curves C±i , i = 1, . . . , k + 2 mapped diffeomorphicly
to Bi by ̟. Furthermore, σ(C
±
i ) = C
∓
i . The singular set for the T
2-action on Z
is the union of rational curves
(5.17) Σ =
(
∪k+2i=1 Pi
)⋃(
∪k+2i+1 C+i ∪ C−i
)
.
With a closer analysis of the action of T 2C on Z one can prove the following.
See [40] for the proof. The term suborbifold denotes a subvariety which is a sub-
manifold in every local uniformizing neighborhood.
Theorem 5.19. LetM be a compact anti-self-dual Einstein orbifold with b2(M) =
k and πorb1 (M) = e. Let n = k + 2. Then there are distinct real points
t1, t2, . . . , tn ∈ E so that for t ∈ E \ {t1, t2, . . . , tn}, Xt ⊂ Z is a suborbifold.
Furthermore Xt is a special symmetric toric Fano surface. The anti-canonical cy-
cle of Xt is C1, C2, . . . , C2n, and the corresponding stabilizers are ρ1, ρ2, . . . , ρ2n
which define the vertices in N = Z× Z of ∆∗ with Xt = X∆∗.
For ti ∈ E, Xti = D + D¯, where D, D¯ are irreducible degree one divisors with
σ(D) = D¯. The D, D¯ are suborbifolds of Z and are toric Fano surfaces. We have
D ∩ D¯ = Pi and the elements ±(ρ1, . . . , ρi,−ρi + ρi+1, ρn+i+1, . . . , ρ2n) define the
augmented fans for D and D¯.
Note that a consequence of the theorem is that Σ given by equation (5.17) is the
set with non-trivial stablizers of the action of the complex torus T 2C .
6. Sasakian submanifolds
In this section we use the results on toric 3-Sasakian manifolds to produce a
new infinite series of toric Sasaki-Einstein 5-manifolds corresponding to the toric
3-Sasakian 7-manifolds discussed above and completing the correspondence in dia-
gram 1.1. But first we review the Smale/Barden classification of smooth 5-manifolds
which will be used. The possible diffeotypes of toric examples in dimension 5 is
very limited.
6.1. Classification of 5-Manifolds. Closed smooth simply connected spin 5-
manifolds were classified by S. Smale [38]. Subsequently D. Barden extended the
classification to the non-spin case [3]. Consider the primary decomposition
(6.1) H2(M,Z) ∼= Zr ⊕ Zk1 ⊕ Zk2 ⊕ · · · ⊕ Zks ,
where kj divides kj+1. Of course the decomposition is not unique, but the
r, k1, . . . , ks are. The second Stiefel-Whitney class defines a homomorphism w2 :
H2(M,Z) → Z2. One can arrange the decomposition 6.1 so that w2 is non-zero
on only one component Zkj , or Z of Z
r. Then define i(M) to be i if 2i is the
2-primary component of Zkj , or ∞. Alternatively, i(M) is the minimum i so that
w2 is non-zero on a 2-primary component of order 2
i of H2(M,Z).
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Theorem 6.1 ([38, 3]). Smooth simply connected closed 5-manifolds are classifiable
up to diffeomorphism. Any such manifold is diffeomorphic to one of
Xj#Mk1# · · ·#Mks ,
where −1 ≤ j ≤ ∞, s ≥ 0, 1 < k1 and Ki divides ki+1 or ki+1 = ∞. A
complete set of invariants is given by H2(M,Z) and i(M), and the manifolds
X−1, X0, Xj , X∞,Mk,M∞ are as follows
M H2(M,Z) i(M)
M0 = X0 = S
5 0 0
Mk, 1 < k <∞ Zk ⊕ Zk 0
M∞ = S
2 × S3 Z 0
X−1 Z2 1
Xj , 0 < j <∞ Z2j ⊕ Z2j j
X∞ Z ∞
,
where X−1 = SU(3)/SO(3) is the Wu manifold, and X∞ is the non-trivial S
3-
bundle over S2.
The existence of an effective T 3 action severely restricts the topology by the
following theorem of Oh [35].
Theorem 6.2. Let M be a compact simply connected 5-manifold with an effec-
tive T 3-action. Then H2(M,Z) has no torsion. Thus, M is diffeomorphic to S
5,
#kM∞, or X∞#(k − 1)M∞, where k = b2(M) ≥ 1. Conversely, these manifolds
admit effective T 3-actions.
By direct construction C. Boyer, K. Galicki, and L. Ornea [9] showed that the
manifolds in this theorem admit toric Sasakian structures and, in fact, admit regular
Sasakian structures.
A simply connected Sasaki-Einstein manifold must have w2 = 0, therefore we
have the following:
Corollary 6.3. Let M be a compact simply connected 5-manifolds with a toric
Sasaki-Einstein structure. Then M is diffeomorphic to S5, or #kM∞, where k =
b2(M) ≥ 1.
6.2. Sasakian Submanifolds and Examples. Associated to each compact toric
anti-self-dual Einstein orbifold M with πorb1 (M) = e is the twistor space Z and a
family of embeddings Xt ⊂ Z where t ∈ E \ {t1, t2, . . . , tk+2} and X = Xt is the
symmetric toric Fano surface canonically associated to M. We denote the family
of embeddings by
(6.2) ιt : X → Z.
LetM be the total space of the S1 V-bundle associated toKX orK
1
2
X , depending
on whether Ind(X) = 1 or 2.
Theorem 6.4. Let M be a compact toric anti-self-dual Einstein orbifold with
πorb1 (M) = e. There exists a Sasakian structure {g˜, Φ˜, ξ˜, η˜} on M , such that if
(X, h˜) is the Ka¨hler structure making π : M → X a Riemannian submersion, then
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we have the following diagram where the horizontal maps are isometric embeddings.
(6.3)
M S
X Z
M
ι¯t
ιt
..................
..................
..................
..................
..................
If the 3-Sasakian space S is smooth, then so is M . If M is smooth, then
M ∼=
diff
#kM∞, where k = 2b2(S) + 1.
Proof. Let {g,Φ, ξ, η} be the fixed Sasakian structure on S with Φ descending to
the complex structure on Z. The adjunction formula gives
(6.4) KX ∼= KZ ⊗ [X ]|X = KZ ⊗K−
1
2
Z |X = K
1
2
Z |X .
Let h be the Ka¨hler-Einstein metric on Z related to the 3-Sasakian metric g on S
by Riemannian submersion. Recall that S is the total space of the S1 V-bundle
associated to L−1, (resp. L−
1
2 if w2(M) = 0). Also M is the total space of the S1
V-bundle associated to KX , (resp. K
1
2
X if w2(M) = 0). Using the isomorphism in
(6.4) we lift ιt to ι¯t. The metric on S is
g = η ⊗ η + π∗h.
Pull back h and η to h˜ = ι∗th and η˜ = ι¯
∗
t η respectively. It follows that
1
2 η˜ = ω˜,
where ω˜ is the Ka¨hler form of h˜. Then Φ˜ = ∇˜ξ˜ is a lift of the complex structure J
on X . And the integrability condition in definition 2.1 follows from the integrability
of J . Then
g˜ = η˜ ⊗ η˜ + π∗h˜
is a Sasakian metric on M .
If S is smooth, then the orbifold uniformizing groups act on L−1 (or L 12 ) minus
the zero section without non-trivial stabilizers. By (6.4) this holds for the bundle
KX (or K
1
2
X) on X .
It follows from πorb1 (M) = e that πorb1 (X) = e (cf. [25]). And πorb1 (M) = e
by arguments as after Proposition 2.4. If M is smooth, Corollary 6.3 gives the
diffeomorphism. 
We are more interested in M with the Sasaki-Einstein metric that exists by
corollary 4.6. In this case the horizontal maps are not isometries.
Consider the reducible cases, ti ∈ E, i = 1, . . . , k + 2, where Xti = D + D¯ ⊂ Z.
Then restricting L−1, (resp. L−
1
2 if w2(M) = 0), and arguing as above we obtain
Sasakian manifolds Ni, N¯i ⊂ S, where smoothness follows from that of S, whose
Sasakian structures (Ni, gi,Φi, ξi, ηi) and (N¯i, g¯i, Φ¯i, ξ¯i, η¯i) pull back from that of
S. And Nti ∩ N¯ti is a lens space with the constant curvature metric. Note that ς
restricts to an isometry ς : Ni → N¯i which gives a conjugate isomorphism between
Sasakian structures. These manifolds do not satisfy the conditions of Proposi-
tion 4.1, so cannot be transversally deformed to Sasaki-Einstein structures. But
cB1 (Ni) > 0, so they can be transversally deformed to positive Ricci curvature
Sasakian by the transverse Calabi-Yau theorem [28]. By Theorem 6.2 Ni is diffeo-
morphic to #kM∞, orX∞#(k−1)M∞, where k = b2(Ni) = b2(S). By the remarks
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after Proposition 7.1 Ni, i = 1, . . . , k + 2, is diffeomorphic to X∞#(k − 1)M∞ if
w2(M) 6= 0.
The family of submanifolds ι¯t : M → S for t ∈ E \ {t1, t2, . . . , tk+2} and
Ni, N¯i, i = 1, . . . , k + 2 for the reducible cases have a simple description. Recall
the 1-form η = η2 + iη3 of section 5.1 which is (1, 0) with respect to the CR
structure I = −Φ1. For t ∈ t let Yt denote the killing vector field on Z with lift
Y¯t ∈ I(S, g). Then θ(Yt) ∈ H0(Z,O(L)) which defines a holomorphic function on
L−1. Since S is the S1 subbundle of L−1, we have θ(Yt) = η(Y¯t). Complexifying
gives the same equality for t ∈ tC. Thus for t ∈ E \ {t1, t2, . . . , tk+2}, we have
Mt := ι¯t(M) = (η(Y¯t)) ⊂ S and Ni ∪ N¯i = (η(Y¯ti )) ⊂ S, where of course (η(Y¯t))
denotes the submanifold η(Y¯t) = 0. Note that here we are setting 2/3 s of the
moment map to zero.
This gives us the new infinite families of Sasaki-Einstein manifolds and the dia-
gram 1.1.
Theorem 6.5. Let (S, g) be a toric 3-Sasakian 7-manifold with π1(S) = e. Canon-
ically associated to (S, g) are a special symmetric toric Fano surface X and a toric
quasi-regular Sasaki-Einstein 5-manifold (M, g,Φ, ξ, η) which fit in the commutative
diagram 6.3. We have πorb1 (X) = e and π1(M) = e. And
M ∼=
diff
#kM∞, where k = 2b2(S) + 1
Furthermore (S, g) can be recovered from either X or M with their torus actions.
Proof. Note that the homotopy sequence
· · · → π1(G)→ π1(S)→ πorb1 (M)→ e,
where G = SO(3) or Sp(1), shows that πorb1 (M) = e. The toric surface X∆∗ and
Sasakian 5-manifold (M, g˜, Φ˜, ξ˜, η˜) are given in Theorem 6.4. By Corollary 4.6 this
Sasakian structure has a transversal deformation to a Sasaki-Einstein structure.
Given either X or M , by the discussion in section 5.3, the orbifold M can be
recovered. By Theorem 5.16 M admits a unique anti-self-dual Einstein structure
up to homothety compatible with the torus action. The 3-Sasakian space S and its
twistor space Z can be constructed fromM and its anti-self-dual Einstein structure.
(cf. [5]). 
Corollary 6.6. For each odd k ≥ 3 there is a countably infinite number of distinct
toric quasi-regular Sasaki-Einstein structures on #kM∞.
We do not know the Sasaki-Einstein metrics explicitly. But if c = Ind(M), an
application of Corollary 3.27 gives
Vol(M, g) =
2πc
3
Vol(X,ω)
= 2c
(π
3
)3
Vol(Σ−k),
where ω is the transversal Ka¨hler metric. We have c = 1 or 2. Let (M, gi), i ∈ Z+, be
any infinite sequence of metrics on #kM∞ in Corollary 6.6. These Sasaki-Einstein
structures have leaf spaces Xi, where Xi = X∆∗
i
. Observe that the polygons ∆∗i
get arbitrarily large, and the anti-canonical polytopes (Σ−k)i satisfy
Vol((Σ−k)i)→ 0, as i→∞.
Thus we have Vol(M, gi)→ 0, as i→∞.
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6.3. Examples. We consider some of the examples obtained starting with the sim-
plest. In particular we can determine some of the spaces in diagram 1.1 associated
to a toric 3-Sasakian 7-manifold more explicitly in some cases.
6.3.1. Smooth examples. It is well known that there exists only two complete
examples of positive scalar curvature anti-self-dual Einstein manifolds [27] [15], S4
and CP 2 with the round and Fubini-Study metrics respectively. Note that we are
considering CP 2 with the opposite of the usual orientation.
M = S4
For the spaces in diagram 1.1 we have: M = S4 with the round metric; its
twistor space Z = CP 3 with the Fubini-study metric; the quadratic divisor X ⊂ Z
is CP 1 × CP 1 with the homogeneous Ka¨hler-Einstein metric; M = S2 × S3 with
the homogeneous Sasaki-Einstein structure; and S = S7 has the round metric. In
this case diagram 1.1 becomes the following.
(6.5)
S2 × S3 S7
CP 1 × CP 1 CP 3
S4
..................
..................
..................
..................
..................
This is the only example, I am aware of, for which the horizontal maps are
isometric immersions when the toric surface and Sasakian space are equipped with
the Einstein metrics.
M = CP 2
In this caseM = CP 2 with the Fubini-Study metric and the reverse of the usual
orientation; its twistor space is Z = F1,2, the manifold of flags V ⊂ W ⊂ C3 with
dimV = 1 and dimW = 2, with the homogeneous Ka¨hler-Einstein metric. The
projection π : F1,2 → CP 2 is as follows. If (p, l) ∈ F1,2 so l is a line in CP 2 and
p ∈ l, then π(p, l) = p⊥ ∩ l, where p⊥ is the orthogonal compliment with respect to
the standard hermitian inner product. We can define F1,2 ⊂ CP 2 × (CP 2)∗ by
F1,2 = {([p0 : p1 : p2], [q0 : q1 : q2]) ∈ CP 2 × (CP 2)∗ :
∑
piq
i = 0}.
And the complex contact structure is given by θ = qidpi − pidqi. Fix the action of
T 2 on CP 2 by
(eiθ, eiφ)[z0 : z1 : z2] = [z0 : e
iθz1 : e
iφz2].
Then this induces the action on F1,2
(eiθ, eiφ)([p0 : p1 : p2], [q
0 : q1 : q2]) = ([p0 : e
iθp1 : e
iφp2], [q
0 : e−iθq1 : e−iφq2]).
Given [a, b] ∈ CP 1 the one parameter group (eiaτ , eibτ ) induces the holomorphic
vector field Wτ ∈ Γ(T 1,0F1,2) and the quadratic divisor Xτ = (θ(Wτ )) given by
Xτ = (ap1q
1 + bp2q
2 = 0, piq
i = 0).
One can check directly thatXτ is smooth for τ ∈ CP 1\{[1, 0], [0, 1], [1, 1]} andXτ =
CP 2(3), the equivariant blow-up of CP
2 at 3 points. For τ ∈ {[1, 0], [0, 1], [1, 1]},
Xτ = Dτ + D¯τ where both Dτ , D¯τ are isomorphic to the Hirzebruch surface F1 =
P(OCP 1 ⊕OCP 1(1)).
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The Sasaki-Einstein space is M = #3(S2 × S3). And the Sasakian manifolds
Nτ , N¯τ are diffeomorphic to X∞. S = S(1, 1, 1) = SU(3)/U(1) with the homoge-
neous 3-Sasakian structure. This case has the following diagram.
(6.6)
#3(S2 × S3) SU(3)/U(1)
CP 2(3) F1,2
CP 2
..................
..................
..................
..................
..................
6.3.2. Galicki-Lawson quotients. The simplest examples of quaternionic-Ka¨hler
quotients are the Galicki-Lawson examples first appearing in [19] and further con-
sidered in [8]. These are circle quotients of HP 2. In this case the weight matrices
are of the form Ω = p = (p1, p2, p3) with the admissible set
{A1,3(Z) = {p ∈ Z3|pi 6= 0 for i = 1, 2, 3 and gcd(pi, pj) = 1 for i 6= j}
We may take pi > 0 for i = 1, 2, 3. The zero locus of the 3-Sasakian moment map
N(p) ⊂ S11 is diffeomorphic to the Stiefel manifold V C2,3 of complex 2-frames in C3
which can be identified as V C2,3
∼= U(3)/U(1) ∼= SU(3). Let fp : U(1)→ U(3) be
fp(τ) =

τp1 0 00 τp2 0
0 0 τp3

 .
Then the 3-Sasakian space S(p) is diffeomorphic to the quotient of SU(3) by the
action of U(1)
τ ·W = fp(τ)Wf(0,0,−p1−p2−p3)(τ) where τ ∈ U(1) and W ∈ SU(3).
Thus S(p) ∼= SU(3)/U(1) is a biquotient similar to the examples considered by
Eschenburg in [14].
The action of the group SU(2) generated by {ξ1, ξ2, ξ3} on N(p) ∼= SU(3)
commutes with the action of U(1). We have N(p)/SU(2) ∼= SU(3)/SU(2) ∼= S5
with U(1) acting by
τ · v = f(−p2−p3,−p1−p3,−p1−p2)v for v ∈ S5 ⊂ C3.
We see that MΩ ∼= CP 2a1,a2,a3 where a1 = p2 + p3, a2 = p1 + p3, a3 = p1 + p2 and
the quotient metric is anti-self-dual with the reverse of the usual orientation. If
p1, p2, p3 are all odd then the generic leaf of the 3-Sasakian foliation F3 is SO(3).
If exactly one is even, then the generic leaf is Sp(1). Denote by Xp1,p2,p3 the toric
Fano divisor, which can be considered as a generalization of CP 2(3). We have the
following spaces and embeddings.
(6.7)
#3(S2 × S3) S(p1, p2, p3)
Xp1,p2,p3 Z(p1, p2, p3)
CP 2a1,a2,a3
..................
..................
..................
..................
..................
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7. Positive Ricci curvature examples
In this section we use the toric geometry developed to construct examples of
positive Ricci curvature Sasakian structures on the manifolds X∞#(k − 1)M∞ in
Theorem 6.1. By Theorem 6.2 these are the only simply connected non-spin 5-
manifolds that can admit toric Sasakian structures. They are already known to
admit Sasakian structures [9].
Define a marked fan ∆∗ = ∆∗k,p, k ≥ 2, p ≥ 0 as follows. Let σ0 = (−1, 0),
σ1 = (0, 1); σj = (j − 1, j(j−1)2 − 1), j = 2, . . . , k; σk+1 = (k, (k+1)k2 − 1 + p),
σk+2 = (0,
(k+1)k
2 + p). For k = 1 define ∆
∗
1,p, p ≥ 0 by σ0 = (−1, 0), σ1 =
(0, 1), σ2 = (1, 1 + p), σ3 = (0, 2 + p). And define l ∈ SF(∆∗) by
l(σj) :=
{
0 if j = 0,
−1 if 1 ≤ j ≤ k + 2.
It is easy to check that l is strictly upper convex, and we have πorb1 (X) = e for
all of the above fans. The cone Cl corresponding to (L−1l )× on X∆∗ satisfies the
smoothness condition of equation 3.4, and (L−1l )
× is simply connected. Also, −k ∈
SF(∆∗) is strictly upper convex. Thus by Corollary 3.25 2πc1(X∆∗) = [ω] for a
Ka¨hler form ω.
Proposition 7.1. Each of the manifolds Mk,p, for k ≥ 1, p ≥ 0, is diffeomorphic
to X∞#(k−1)M∞. And for each p has a distinct positive Ricci curvature Sasakian
structure.
Proof. Let X = X∆∗
k,p
, and let L be the holomorphic line V-bundle associated
with l ∈ SF(∆∗). Since l is strictly upper convex, if ω is the canonical metric
on X of Σ∗l , then [ω] ∈ 2πc1(L) by Theorem 3.24. By Proposition 2.4 there is a
Sasakian structure (M, g,Φ, ξ, η) where M is the principle S1 subbundle of L−1.
The the toric cone C of (L−1)× ∼= C(M) satisfies the smoothness condition. Also, by
Theorem 3.24K−1 > 0. In other words cB1 (M) has a positive representative. By the
transverse Calabi-Yau theorem [28] there is a transversal deformation (M, g˜, Φ˜, ξ, η˜)
with η˜ = η+2dcφ, for φ ∈ C∞B (M), with RicTg˜ positive. Then by (2.3) a homothetic
deformation g˜a = a
2η˜⊗ η˜+ ag˜T for small enough a ∈ R+ has Ricg˜a positive on M .
Considering π : M → X as an S1 V-bundle over X , it lifts to a genuine fiber
bundle over B(X) = M ×S1 E(S1), π˜ : M˜ → B(X). Here E(S1) is the universal
S1-principal bundle, and B(X) is the orbifold classifying space (cf. [6]). Since M
is smooth, we have a homotopy equivalence M˜ ≃ M . And since πorg1 (X) = e, the
first few terms of the Gysin sequence give
Z
∪e−→ H2orb(X,Z) pi
∗−→ H2(M,Z)→ 0,
where e = corb1 (L) ∈ H2orb(X,Z). We have w2(M) ≡ c1(D) mod 2 ≡
π∗(corb1 (X)) mod 2, which is zero precisely when x = c
orb
1 (X) is divisible by 2 in
H2orb(X,Z)/Z(e). If this is the case then there is a u ∈ H2orb(X,Z) with 2u = x+al,
with a ∈ Z odd. It is easy to see that u ∈ H2orb(X,Z) is represented by a holomor-
phic line V-bundle, since 2u is. By Proposition 3.12, this V-bundle is Lu for some
u ∈ SF(∆∗), and we have an equation
(7.1) 2u = −k + al + f, where f ∈M.
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Evaluating (7.1) on σ0 gives 2u(σ0) = −1+ f(σ0), and on σ2 = −σ0 gives 2u(σ2) =
−(1 + a)− f(σ0). The first equation implies f(σ0) is odd, the second that f(σ0) is
even. Thus w2(M) 6= 0. Theorem 6.2 then completes the proof. 
One can use arguments of M. Demazure (cf. [34] §3.4) as in the smooth case to
show that Auto(X) is not reductive for these examples. The fan ∆∗k,p has two roots
α1, α2 and α2 6= −α1 as the Hirzebruch surface F1. The Lie algebra of Hamiltonian
holomorphic vector fields of M is not reductive. By the proof of the Lichnerowicz
theorem in the Sasakian case [10] the Sasakian structure can not be transversally
deformed to constant scalar curvature.
Let Ni, N¯i ⊂ S, i = 1, . . . , k + 2 be the Sasakian submanifolds of the 3-Sasakian
manifold S as discussed after Theorem 6.4. Suppose w2(M) 6= 0. So Ni, N¯i are
principle S1 subbundles of L−1 restricted to toric surfacesD, D¯ with fans as in The-
orem 5.19. The augmented fan ∆∗ of D has elements σ1 = ρ1, . . . , σi = ρi, σi+1 =
−ρi + ρi+1, σi+2 = ρn+i+1, . . . , σk+3 = ρ2n, n = k + 2, and L|D is the line bundle
associated to l ∈ SF(∆∗) with
l(σj) :=
{
0 if j = i+ 1,
−1 otherwise.
The same argument in the above proposition shows that Ni is diffeomorphic to
X∞#(k − 1)M∞.
8. Higher dimensional examples
In this section we employ the join construction of C. Boyer and K. Galicki [9, 6]
to construct higher dimensional examples. Let (Mi, gi,Φi, ξi, ηi), i = 1, 2 be quasi-
regular Sasakian manifolds of dimensions 2mi + 1, i = 1, 2.. Make homothetic
deformations of the Sasakian structures so that the S1-actions generated by ξi, i =
1, 2 have period 1. Then the transverse Ka¨hler forms ωTi , i = 1, 2 descend to forms
ωi, i = 1, 2 on the leaf spaces Zi, i = 1, 2 with [ωi] ∈ H2orb(Zi,Z), i = 1, 2. Then for
a pair of positive integers (k1, k2) we have a ka¨hler form k1ω1 + k2ω2 on Z1 × Z2
with [k1ω1 + k2ω2] ∈ H2orb(Z1 × Z2,Z). By Proposition 2.4 there is an S1 V-
bundle, denoted M1 ⋆k1,k2 M2, with a homothetic family of Sasakian structures.
We may assume that gcd(k1, k2) = 1; for if (k1, k2) = (lk
′
1, lk
′
2), M1 ⋆k1,k2 M2 =
(M1 ⋆k′1,k′2 M2)/Zl. Note that
M1 ⋆k1,k2 M2 = (M1 ×M2)/S1(k1, k2),
where S1 acts by (x, y)→ (eik2θx, e−ik1θ).
In general the join M1 ⋆k1,k2 M2 is an orbifold of dimension 2(m1 + m2) + 1.
But a simple condition exists that implies smoothness. Let vi = Ord(Mi), i = 1, 2
denote the lcm of the orders of the leaf holonomy groups of the Fξi .
Proposition 8.1 ([6, 9]). For each pair (k1, k2) of relatively prime positive in-
tegers, M1 ⋆k1,k2 M2 is a smooth quasi-regular Sasakian manifold if, and only if,
gcd(v1k2, v2k1) = 1.
Note that if M1 and M2 are positive, that is, Ricci
T
gi , i = 1, 2 are positive, then
M1 ⋆k1,k2 M2 is positive. Suppose M1 and M2 are Sasakian Einstein. We have
Ind(Z1×Z2) = gcd(Ind(Z1), Ind(Z2)). So we define the relative indices of M1 and
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M2 to be
(8.1) li =
Ind(Mi)
gcd(Ind(M1), Ind(M2))
, for i = 1, 2.
Then the homothetic family of Sasakian structures on the join M1 ⋆l1,l2 M2 has a
Sasakian Einstein structure with transverse metric
gT =
(m1 + 1)g
T
1 + (m2 + 1)g
T
2
m1 +m2 + 1
.
Let Mk ∼= #k(S2 × S3) be one of the Sasaki-Einstein manifolds constructed in
section 6. Then Ind(Mk) = 1 or 2. Consider S
2m+1 with its standard Sasakian
structure. Then Ind(S2m+1) = m + 1. Then the relative indices of S4j+3 and Mk
are both 1. So Proposition 8.1 implies that Mk ⋆ S
4j+3, j ≥ 0, is a Sasaki-Einstein
(4j+7)-manifold for all examples Mk. One can iterate this procedure; for example
Mk ⋆
p times︷ ︸︸ ︷
S3 ⋆ · · · ⋆ S3,
is a 5 + 2p dimensional Sasaki-Einstein manifold. By making repeated joins to the
examples in Corollary 6.6 we obtain the following.
Proposition 8.2. For every possible dimension n = 2m + 1 ≥ 5 there are infin-
itely many toric quasi-regular Sasaki-Einstein manifolds with arbitrarily high second
Betti number.
More precisely, in dimension 5 we have examples of every odd b2, and infinitely
many examples for each odd b2 ≥ 3.
In dimension n = 2m+1 ≥ 7 for m odd we have examples of every even b2, and
infinitely many examples for each even b2 ≥ 4.
In dimension n = 2m+1 ≥ 9 for m even we have examples of every odd b2, and
infinitely many examples for each odd b2 ≥ 5.
Example. Consider the 7-dimensional Sasaki-Einstein manifolds S3 ⋆ Mk. The
Gysin sequence of π : S3 ⋆ Mk → CP 1 × X determines the cohomology in
Q-coefficients. The Leray spectral sequence of the fiber bundle ̟ : S3 ⋆Mk → CP 1
with fiber Mk can be used to show the following.
p 0 1 2 3 4 5 6 7
Hp(S3 ⋆ Mk,Z) Z 0 Z
k+1 0 T Zk+1 0 Z
Here T is a torsion group. This is quite similar to the cohomology of SΩ in Theo-
rem 5.14. ♦
Let N = Nk,p denote the positive Ricci curvature Sasakian 5-manifold of Propo-
sition 7.1 diffeomorphic to X∞#(k − 1)M∞. Then we see by Proposition 8.1 that
for any regular Sasaki-Einstein manifold M , N ⋆1,lM is smooth for any l ≥ 1. Fur-
thermore, we may transversally deform it to a positive Ricci curvature structure.
Let πi : Li → Zi, i = 1, 2 be the holomorphic V-bundles whose S1-principal
bundles are N and M respectively. Then N ⋆1,l M is the principal S
1 V-bundle of
π : L1 ⊗ Ll2, and as in the proof of Proposition 7.1 we have
Z
∪e−→ H2orb(Z1 × Z2,Z) pi
∗
−→ H2(N ⋆1,l M,Z)→ 0,
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where e = c1(L1) + lc1(L2). We have w2(N ⋆1,l M) ≡ π∗(c1(Z1) + c1(Z2)) mod 2,
and w2(N ⋆1,l M) = 0 if, and only if, π
∗(c1(Z1) + c1(Z2)) is divisible by 2 in
H2(N ⋆1,l M,Z). If this is the case then there is an u ∈ H2orb(Z1 × Z2,Z) with
2u = c1(Z1) + c1(Z2) + s(c1(L1) + lc1(L2)), for s ∈ Z.
Let ι : Z1 → Z1×Z2 be the inclusion ι(x) = (x, y) with y ∈ Z2 a smooth point. Then
2ι∗u = c1(Z1)+sc1(L1) which contradicts Proposition 7.1. Thus w2(N ⋆1,lM) 6= 0.
By taking joins of the Nk,p, k ≥ 1, p ≥ 0 with spheres as above we obtain the
following.
Proposition 8.3. For every dimension n = 2m+1 ≥ 5 there exist infinitely many
toric quasi-regular positive Ricci curvature Sasakian manifolds of each b2 ≥ 2, and
of each b2 ≥ 1 in dimension 5. These examples are simply connected and have
w2 6= 0. Therefore, they do not admit a Sasaki-Einstein structure.
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